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CHUONG 1: SO PHUC

Vao thé ky 16, G. Cardano (1501-1576) di néi dén cac sb “40”
nhu 12 cin cta cdc sb Am. Sau d6, khai niém sd do cling xuét hién
trong cac nghién ctru ctia cac nha toan hoc thé ky 18. Khai niém
sO “a ” tuong chung nhu khéng bao gio gép trong thuc té da tro
thanh nén tang dé phat trién cac nganh toan hoc cé rat nhiéu ung
dung trong cac nganh vat 1y va k¥ thuat khac nhau.

1.1. Khai niém

- Sb phtic z 14 biéu thic ¢6 dang: 2 = x + 1y

trong do I, Y la cac $6 thuc, con ky hi¢u 1 goi la don vi 4o thoa

- Tagoixz = Re(2),y = Im (2) 1an luot 13 phan thuc va
phan 4o ciia s phuc 2.

- Khiz =z + 2.0, tandi z la mot sd thuc

- Khi 2 =0+ 4y, tanéi z 1a mot s6 thuan ao.

Vidu 1.1 S6 phtic z = 2 — 3¢ ¢ phan thyc Re(2) = 2, phéan 4o
Imz) =-3

- Ngudi ta thudng ky hiéu tap hop cac s6 phic 1a C
C={z=z+iy/zeR,ycR}

(IR 1a tap céac sb thuc)

- Sbphirc 7 = x — 1y dugc goi la sd phirc lién hop cia sb phirc
z=T+1y.
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Thiy ngay zZ=z.
Vidu 1.2 Sé phic z = 2 + i~/3 ¢6 sé phirc lién hop véi né 1
7=2-iM3
- Hai sb phue duge goi 1a bang nhau néu phan thyc va phan 4o
cua chung lan lugt bang nhau

T = Ty

Y, = Y, & 1.1
T+ 1Y = Ty + 1Y, {%:% (1.1)

Vidu 1.3 Tim z,¥y sao cho hai s6 phirc sau bang nhau
n =T+ 5 =—y+2+i(z—1)

Gidi:

T4y =—-y+2+i(z—1)

rT=—y+2 T =

~ ~
y=x—1

N[ N w

y:

1.2. Céc dang biéu dién ciia sé phirc

Ngudi goi biéu dién la dang dai so cua so

phuc z.

1.2.1. Dang hinh hoc ciia s6 phirc

Cho sé phitc 2z = z + 4y twong tng véi diém M c6 toa do (:L“, y)
trong mit phing toa do Décac. Py 1a twong tng 1 — 1 nén ta co thé
ddng nhat diém M(x, y) trong mit phing toa do6 v&i sb phic
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2z =z +1y. Piém M(:U, y) goi 1a biéu dién hinh hoc cua sé phirc
2=+ 1y

Ghi chu: Vi ly do trén, do6i khi nguoi ta con goi mat phéng toa do Pécac
12 mit phing phirc.

1.2.2. Médun, argumen, dang lwong gidc ciia s6 phirc
Trong hé¢ toa dd cuc, diém M
g vai s6 phire ¢6 thé xac dinh boi
d6 dai doan OM va goc giira tia Ox
va tia OM
- Modun cua z: d0 dai doan
OM duoc goi 1a mddun cua
so phtc z, ky hiéu la M
mod(z) =zl = r.

Thiy ngay |2 = Jz° + Y’

- Argumen cua z: Géc luong )
giac gilra tia Ox va tia OM dugc goi la argumen ctia sO phuc z
va ky hi¢u Arg(z)

v

»

- Néu ¢ 1a mot gia tri ndo d6 cua gdc gitra tia Ox va tia OM thi

Arg(z) cothéla Arg(z) = p +k2m (k€ Z)

- Dé d& xac dinh, nguoi ta thuong lay goc ¢ € (—m, ] vaky
hidu arg(z): —m < arg(z) < m

Vidu 1. 4 S6 phtc 2z = 1+ i~/3 ¢6 mddun va argument nhu sau:

2l =~1+3 =235 Arg(z) =§+k27z

Thay ngay, mdi lién hé giita T, 9,7, cho boi h¢ thirc:
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T = TCosp

Yy =rsingp (12)
© 1a goc sao cho tgp = %, =0
Viy 2 = T+ iy = rcosp +irsin g
Hay z=r(cosp +isingp) (1.3)

Dang nay goi la dang luong giac cua sb phirc.

Vidu 1. 5 Theo vi du 1.4 thi sé phic z=1+i ¢6

2l =~1+3 =235 Argz) = %+ k2
nén nod cd dang luong giac la

)

Cos (% + k27r) + 7sin (% + k27r)

Theo biéu dién hinh hoc, ta thdy ngay rang: Hai sd phtrc & dang
lwong gidc bang nhau khi mé dun cia chiing bang nhau va cic argument
ctia chung sai khac nhau mét boi cia 27 .

Nghia 14 néu
z =1 (cosp +ising)
zy =1y (COSp, + ising,)

thi

(1.4)
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Bén canh do, ta co thé suy ra dang lugng gidc cia mot sb phic nhu
sau:

Gia sir tacosdphuc 2 = = + 1y = 0

C6 thé viét lai 2 nhu sau:

T .y
SR RS =y
2 2

‘ X
Thay ngay do T + Y =1

T _|_y2 /x2+y2

nén tim duoc goc luong giac ¢ sao cho
Y

. i
A A N

Nghia 14 ta tim dugc biéu dién lugng giac (1.3) cua sé phirc

; sing =

1.2.3. Dang mii ciia s phirc

Ta chép nhan cong thirc Euler:

e’ =cosp+ising (1.5)

S phirc c6 thé viét ¢ dang:

z=r(cos@+ising)=re’ (1.6)

Dang trén goi 1a dang mii cia sé phirc.
Vidu 1. 6 Tir vi du 1. 5 thdy ngay s6 phttc z=1+i ¢6 dang mii 1a

z+]€27z]i

z = \/58(4
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1.3. Phép toan trén tap so phirc
Sau day 1 biéu dién cac phép toan ddi véi sb phirc & dang dai sb.
Dé hidu duogc cac phép toan dudi, chi cin nhé i* = —1

Cho hai sé phic 2, = 7, +14y,; 2, = 7, + iy,

1.3.1. Phép cong
T(fng hai séphzic z;va z, la mot S(fphzi'c ky hiéu z;+z, duwoc tinh
theo cong thuec:
z,+z,=(x,+x,)+i(y, +,) (1.7)
Ta hiéu phép cong dugc thyc hién béng cach cong cac ph?m thue va
phén 4o twong tng.
Phép cong co cac tinh chét :
zZ,+z,=2,+z
z,+(z,+2,)=(2,+z,) + z,
z+0=0+z=z2
1.3.2. Phép trur

Hiéu cua hai so phitc z;va z, la mot s6 phiec ky hiéu z;-z, va dwoc
tinh nhw sau:

2=z, = (% —x) +i(y, = »,) (1.8)
1.3.3. Phép nhan

Tich hai so”'phd'c z;va z, la mot so”'phd’c ky hiéu z,z, va dwoc tinh:
71z, = (XX, =y, ) +i(x,x, + »,7,) (1.9)
Vidul.7 (l + 21')2 = (1)2 +2(1)(2i)+ (21')2 =-3+4i

Phép nhan c6 cac tinh chit:

212y = Z,Z
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z,(2,2y) =(2,2,)z4
z(z,+z,) =2z, + 2z,
lz=zl1=z, z.0=0z=0
ii=0+)(0+i)=-1
zz= (x+iy)(x—iy)=x>+°
Nhén xét:
[IPhép trir chinh 1a hé qua cta phép cong va phép nhan nhu sau:
z,—z, =z, +(=1)z,

OTir tinh chit cudi, ta thiy ngay cong thirc

2] = \/xQ + y2 =zZ (1.10)

1.3.4. Phép chia

Thirong ciia hai sé phitc z; va z; la mét s6 phire ky hiéu - z thoa
Z
man diéu kién: z,z =z,
Theo tinh chat két hop ctia phép nhan, dé tim phan thyc, phan 4o
ctia thuong ta c6 thé nhan ca sb bi chia va s chia v6i sb phuc lién hop
ctia s6 chia

4 le__z _ (x+0)(x, —i,)

zZ= 2,2
zZ, z,z, X, +y,

(1.11)

¢ Néu s6 phuc c6 dang luong giac hodc dang mii
— . . _ l@
z, = l"l(COS(pl +isme, ) =rne"”

— 7 Q1 — i
z, —rz(cosgo2 +lSln§02)—l”2€ :
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thi n6i chung ta chi c6 thé biéu dién hai phép nhan va chia trong hai
dang biéu dién nay.

27, = (nT,Q)ei(\olm)
N (1.12)
= (rny)[cos (ip, + @) + isin (o, + @,)]
A2 _ N i) (1.13)
2y T
1.3.5. Liiy thira
Ta c6 liiy thira 1 ciia s6 phic 2 13 2' = 2
Pinh nghia: Lily thira bic 1 ctia s6 phic 2 1a
2" = 22"t (1.14)

Néu viét s6 phuc & dang mil z = re'” thi ta c6 cong thurc

2" =(re®) =r"e" =r" (cosnp+isinng)| (1.15)

Cong thue trén con goi la cong thirc Moivre.

Vidu 1. 8 Tinh va trinh bay két qua dang dai sb
(1+iv3)"
Giai:

Dang luong giac cta s6 phtc 1a
. T U ¢
1+i/3=2 [cos [5 + kQW] + isin [5 + kQW]]
) 10
suy ra (1 + i3 ) =

g0 [cos [10% + lO.k.Qw] + isin [10% + 10./4:.211]]
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Pua nguoc lai dang dai $6 :

) 0, 1 3 0
(1+'l\/§> =2 [—5—27]:—2

) 20
Vidul.9Tnm[1€ﬁﬁ£i]
—1

Giai:

Lam tuong ty vidu 1.8, ta co

) 20 ol 1 3
(1+i3) =2 [—5+27]

(1—14)" =...= —2' (Sinh vién ty lam)

1+iV3)

= ,]—?—%ﬁ
1—1

1.3.6. Khai cin bac n (nguyén duwong)

—i.2°3

Pinh nghia: &z = w véi w théa man tinh chit w" =z .

Giast z=re'”; w= ue" thi dow'=znéntaco u"e" =re”. Hai

s0 phtrc bang nhau khi modun bang nhau va argumen sai khac nhau k

lan 27t nén ta cé

u=r
ny =p+k2r
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suyra y = 4/; (lay can trong tap so thuc) va

:m (1.16)
n

Vvé nguyén tic, ta c6 thé 14y moi gia tri nguyén cua k, nhung
khi k bang n tr¢ 1én thi cac gia tri cia can lip lai nén chi can lay k
=0, 1, ..., (n-1) ta dugc n gia tri khac nhau cua can bac n cua z.

Tom lai ta c6 cac can béc n ctia so phuc dang lugng giac
z= r(cos @+ising ) nhu sau:

z, = W(COSM_H'QHLWJ ,k=0,1,...n-1

n n
(1.17)

Vidu1.10 Tim /1
Giai:
I=cos0+isin0
k2

k2 .
= caccanbac2cualla z, = cosTﬁ+i51nT,k=O,l. Hay
zo=1 z, =-1
Vidu L. 11 Tim ¥z, z =1-i
Giai:
Taco z = ﬁ[cos [—E] + isin[—ﬂ]]
4 4
Suyracaccanbac3cuazla

N [cos —TY/43—|— k2w 4 isin —’K/43—|— kQW]

b

k=012
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Cu thé

z, =42 cos— + isinj]
12 12

2z, =42 cos7—ﬂ+ isin7—ﬂ]
12 12
1 1

z, =2 cos 12T + isin—5ﬁ]
12 12

Trong truong hop tim cin béc 2, ta ¢6 thé dung diéu kién bang nhau
cia 2 sb phtc dé tim can, xem vi du sau:

Vidul.12 Tim <z, 2 = 3 — 4i
Giai:
Gia st can can tim 1a = + 4y
Ta phéi c6 (2 + iy)° = 3 — 4

:—y=3(1)
Suy ra
2zy = —4 (2)

2
(2) = y = —— (x.y = 0)thay vao (1), ta dugc
x

7° = —1 (loai)

't —4=37" & )
z- =4 (nhan)

Sr=12 =>y=FI1

Vay 3 — 41 c62canbac21a 2 —4 va —2+1

1.4. Giai phwong trinh bac 2 trong tip s6 phirc
Ta giai tvong tuy nhu trong tap sé thuc. Xem vi du sau:
Vidul.13
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a). Phuong trinh 2° +1 =0 c6 2 nghiém 1a z = +i
b). Giai phuong trinh 2* + 2 +1=0

Giai: Tinh biét thirc Delta A =1-4 = -3

Suyra /A = +i/3

Vay 2 nghiém cua phuong trinh da cho 1a :

“1+iJ3
R9 = T

¢). Giai phuong trinh 2? — (1 + z\/§> z—14i/3=0

Giai:

Tinh Delta: A = (14 iv3) —4(~1+iV3)
—2-2i\/3

Tinh can delta: VA = +(v/3 — i)

Nghiém ctia phuong trinh la

:1+i*/§i(*/§—i):1iﬁ+x/§$1i
2 2

1,2 2

z

Bai tap
Bai 1.1: Cho s phtic z, chirmg minh ring
z2+z Z—2
Rez = ; ;o Imz=1

Bai 1.2: Tim nghiém thuc (x,y) ciia phuong trinh
(Bz-9)2+1) + (z-iy)(1+2y)=5+6i



Sé phirc 13
(1+i)z1_z2 =2

Bai 1.3: Giai hé phuong trinh phuc ) ) )
2iz, + (—1+1i)z, =1
Bai 1.4: Tim céc s phirc z théa mén diéu kién
a)lzl =z b)zZ=2"
Bai 1.5: Viét cac s6 phtic sau ¢ dang luong giac va dang mi

a)z=-2 b)z=3i

) z = —2+2V3i d)z=—/2 — 2

—i

Bai 1.6: Viét s6 phirc sau 6 dang daisé: z = e
Bai 1.7: Thuc hién phép tinh

a) (—1+ z\/§)7 b) [M]

X
2

1—1
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Chuong 2
MA TRAN — PINH THUC

2.1. Khai niém vé ma tran

2.1.1. Pinh nghia

Mot ma tran c6 mxn trén R la mot bang s6 hinh chir nhdt
gom m hang va n cot co dang:

a’ll a’12 a’ln
a’21 a’22 oo a’?n

A= 2.1)
a‘ml a‘m? a’mn

Hoac

Ay Gy ay,,
an CLQQ . CL2n

A= (2.2)
a’ml a’m? oo a’mn

VOi a; € R la phan tir nam ¢ hang i ¢ét j ciia ma trdn A.
Ta goi:

a, a, - a | ladongtht ictama trin A.
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alj

a, .
25
la cot thurj cia ma tran A.

mj

Dé chi A la ma trin c& mxn ma phan tr ndm & hang i cot j 1a a;j

ngudi ta con viét: A = (%‘)

mxn

1
4 -3 -3
Vidu2.1 A= 1a ma trén c¢& 2x3 ¢ cac phan
NE}
— 0 1
2
tu la:
—1
a, =4 a,=-3; ay= 7?
V3
Ay _73 Gy =05 ay =100

(2.3)
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Trong ma tran vuéng cap n, dudng noi cac phan tir a;, an, ..., ay, dugc
goi la duwong chéo chinh.

e Néu m=1 thi ma trdn A (c& 1xn) (chi c6 mot hang) duoc
goi la ma tran hang.

A= a, a, v a, 2.4

e Néu n=1 thi ma trin A (c& mx1) (chi c6 mét cot) duoc
goi la ma tran cot.

a’ll

S

21

A=| | 2.5)

ml

2.2. Cac dang ma tran

2.2.1. Ma tran khong

Ma trdn khéng la ma trdn c6 tat ca cac phan tir déu bang
khong. Ma tran khong thuong dwoc ky hiéu la 6.

0 0
Vidu2.2 6=|0 0| la matran khong cd 3x2
0 0

Ta con viét 0y, dé chi ma tran khong & trén.



Ma tran-Binh thurc 19

Luwu y: Khi khong so nham 14n, ngudi ta van viét ma tran khong
1a 0 vo1 cd ngam hi€u sao cho phu hop vdi boi canh dang xét.
2.2.2. Ma tran tam giac

Ma tran vuong co cdc phan tir nam phia dwoi dwong chéo
chinh deu bang 0 goi la ma trdn tam gidc trén.

1 0 0 2

0O -1 1 0 )
Vidu2.3 B = 0 0 0 3 la ma tran tam giac trén cap 4

0 0 0 5

Ma trdn vuong co cac phan tir nam phia trén duong chéo
chinh déu bang 0 goi la ma trdn tam gidc dwoi.

2 0 0
Vidu2.4 C =|-3 1 0 |lamatrin tam giac dudi cip 3
0 2 -2

2.2.3. Ma tran chéo

Ma trén vuéng cé cdc phan tir ngodi dwong chéo chinh
bang 0 goi la ma tran chéo (Hay con goi la ma trdn dwong chéo).

Céac ma tran chéo cap n c6 dang:



20 Ma tran-Binh thirc

a, 0 0
0 ay 0
(2.6)
0 0 a,,

2.2.4. Ma tran don vi

Ma trdgn chéo co cac phan twr trén dwong chéo chinh la 1
duwoc goi la ma tran don vi.

Ky hién I (Hodc ky hiéu 1a I, trong trudng hop can thé
hién 10 la ma tran don vi cap n)

1 0 ... O
O 1 .. 0
I, = 2.7)
0 O 1
2.2.5. Ma tran doi xing
Ma tran vuéng A = (%:j) o i la cdc s6 thue, duoc goi la ma

trdn doi xitng néu AT =A.

Vi du 2. 5 Ma tran sau ddy 1a ma tran d6i xtmg
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Nhén xét: Néu A la ma trgn doi ximg thi cdc phan tir doi xirng nhau
qua dwong chéo chinh bang nhau va ngwoc lai, nghia la:

A= (alj )nxn doi xung < a,; = a; Vi, g

2.3. Phép toan ma tran

2.3.1. Hai ma trin bing nhau

Hai ma trgn dwoc coi la bang nhau khi va chi khi chung
cung co va cac phan tw o cung vi tri cua chung bang nhau.

Nghia 1a v&i hai ma tran A = (%) o va B = (bij) .
thi
A=B & a;=0b; Vi, (2.8)
2 -1 a b
Vidu2.6 0 5 = . d chi khi a=2; b=-1; ¢=0; d=5 0O

2.3.2. Phép chuyén vi ma tran

Ma trdn c6 dwoc tir ma trdn A bang cdch xép cdc dong
cua A thanh cac cot twong wng goi la ma trgn chuyén vi cua ma
tran A, ky hiéu la A" (Hay A")

Ay Qg ay,
. gy Gy Ay,
Vay,néu A =
Q, Q Q,

ml m2 oo mn
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ay Ay ... G

ml

Ay Gy o @

m2

CL2 n

Thiy ngay: Néu A cdnxm thi A" ¢6 ¢ lamxn.
1 2 3

Vidu2.7 Matran A =
Tad : 45 6

cO ma tran chuyén vi la

AT

I
w N =

2.3.3. Phép cOng ma tran
Cho hai ma trdn cung ¢ mxn A= (%‘) va
B=(b,)

Dinh nghia:

Tong hai ma tran cung co' A va B la mot ma tran cung co
mxn ki hiéu la A+B va dwoc xdc dinh nhw sau:

a’ll +bll a’l? +b12 a’ln +b1n

+ +b n+bn
At B—(a +8) [Tt aythy R P

Y mxn

+9

ml

q

'ml

+b a +b

m2  °° mn mn

Q

m2
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Nghia 1a muon cong hai ma trdn cung cd, ta cong cac phan ti &
cung vi tri.

1 271 1] [2 3
Vidu2.8 + = O
{o —3} [2 J [2 —2}

Phép cdng c6 cac tinh chit:
Giao hoéan: A+B =B+A
Két hop: A+(B+C)=(A+B)+C

2.3.4. Phép nhan ma tran véi mot s6
Dinh nghia:

Tich cua ma tran A c& mxn voi mot sO0 o la mot ma tran
co mxn ky hiéu aAd va dwoc xac dinh nhw sau.:

aa,  Qaa, ... Qa,
Ay, Oy ... QG
ad =(oa,) = (2.10)
/‘7 mxn cee cee cee cee
aq aaq, aa

ml m2 tee mn

Nghia 13 ta nhan s d6 véi tt ca cac phan tir ctia ma trén.
-1 2 —k 2k
-3 0 -3k 0

Vidu2.9 k

Phép nhan ma tran véi mdt sé ¢ cac tinh chét sau:
O 1.LA=A

0 0.A=0

0 a(A+B)=0A+aB
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O (at+B)A=aA+BA
0 a(BA)~(aB)A

trong do o, B 1a cac s6, A, B 1a cAc ma tran.
Phép trir ma tran

Hiéu cua 2 ma trdn A va B cung c6' la ma tran ky hiéu A-B
dvoc xadc dinh nhw sau:

A-B = A+(-1)B
Ta ciing c6 thé hiéu 1a ta d4 thyc hién phép trir cac phan tir & cing
Vi tri.
2.3.5. Phép nhian ma tran véi ma tran
Dinh nghia:
Tich cua ma tran A = (aik )mxp voi ma tran B = (bkj)pxn
la ma trdn co mxn ky hiéu la A.B = C = ( u) ma phan tir &
mxn

hang i cot k dwoc tinh theo cong thirc

p kY hié
y hiéu
Cy = D 0pby = 1,05, (2.11)
—

Nghia la dé co phan tir dung ¢ hang 1 ¢4t j trong ma tran tich, ta
phai Iy 1an luot timg phan tir dimg ¢ hang i trong ma tran A nhén
v6i ting phan tir twong Gmg dimg & cot k trong ma tran B rdi cong
lai.

Vi du 2. 10 Cho hai ma tran
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0 1 —4
2 3 1 -2 1 3 2
A=l 0 =3 2 B=l4 0 5
1 -1 1

Ma tran A co6 4 cot b?mg ) hang ma tran B nén co thé
nhan A.B, ma trdn A c6 2 hang va ma trdn B ¢6 3 ¢{t nén ma tran
tich c6 2 hang va 3 cot (co 2x3)

Lay hang 1 cua ma trdn A nhan voi c6t 1 ma tran B roi
cdng lai ta c6 phan tr c;:

c1=2.0+3(-1)+1.4+(-2)1=1

Tuong tu:
c12=2.1+3.3+1.0+(-2)(-1)=11;
c13=2(-4)+3.2+1(-5)+(-2).1=-9
¢21=1.0+0(-1)+(-3).4+2.1=-10;
C2o=1.1+0.3+(-3).0+2(-1)=-1
C23=1(-4)+0.2+(-3)(-5)+2.1=13

Két qua:

-1 11 -9

AB=1_10 _1 13

Thiy ngay, ta khong co tich B.A. [
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Nhdn xét: Tich cua hai ma tran khong c6 tinh giao hoan:

A.B %= B.A (néu cb)
Vidu 2. 11
1 2 —1 L3 2 6
2 1|=
31 2 11 8
3 -1
1 3 Lo g 10 5 5
2 1 =
31 2 > 50
3 —1 0 5 —5
Luuy:

- Chi khi s6 cot cia ma tran A bang s6 hang ma tran B thi
moi dugc nhan ma tran A véi ma tran B.

- Ma tran tich A.B c6 s0 hang bang s6 hang cua A va so
cdt bang s6 ¢t ma tran B.

- Khi A 12 ma tran vudng, ta ding ky hiéu A" dé chi tich

n lan ma tran A.

Quiuwge: A° =1.

A.

A" =AA.A

(2.12)
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a, 0 0
. 0 a .. O
Dic biét, néu A = 14 mot ma tran chéo thi
0 0 a,,
afl 0
0 a .. 0
A = 2 (2.13)
0O O afm
Vidu2.12
1 0 O 1 0 0
A=|0 -2 0|, khido A" =0 (=2)" 0
0 0 3 o o0 3

Mot s6 dang bai toan thuong gip
Vi du 2. 13 Tim tit ca cac ma trdn nhan giao hoan v6i ma tran
1 2
A=
0 -1
Giai:

Gia st ma tran can tim la B. Ta phai c6 dicu sau:
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- B nhan dugc bén trai va bén phai cua A. Suy ra B 1a ma

) a b
tran cap 2. Giasu B =
c d

_AB=BA (*)
1 21]la b a+2c b+2d
MaAB= o 1. a7l -«
a b|[1 2 a 2a-0b
BAZL gl 21T e 20—

a+2c=a aeR
b+2d=2a-b b=a-d
Suyra (*) & e & .
—d=2c—d deR
. a a—d
Vay cac ma tran can tim c6 dang l:o p :l,a,d eR

Vidu 2. 14 Tim ma tran X théa AX = B voi

e

Giai:
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Nhan thay ngay X 12 ma tran ¢ 2x1
x

Giasu X = { }
Yy

T +2y =2 =

=
—-r+3y =1

4/5
3/5}
-1 1
3

Pt AX=B <:>{

Url o ot |~

Vay X =

Vidu2.15 Cho A = va f(z) = 2* 4+ 3z — 2. Tinh

f(A)
Giai:
Taco f(A)= A% +34-21

3 2
Véi A? =
4 11

3 2] [-1 17 J1 o] [-2 3
Suyraf(A):L 11}3{2 3}2{0 1}{10 18}D

Phép nhan c6 cic tinh chit:

A.(B.C)=(A.B).C  (Két hop)
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A(B+C)=A.B+A.C (Phén phdi)
(A+B)C=A.C+B.C
a(A.B)=(aA).B=A(0B) v6i o € R
A.I=A; 1.B=B (I la ma tran don vi)
(A.B)T=BT.AT .

w0

2.4. Phép bién dbi so cip theo hang ciia ma tran

C6 3 phép bién d6i ma tran sau dugc goi 1a phép bién d6i
so cap theo hang cia ma trén:

S1: Déi chd hai hang
S2: Nhan mot hang voi mot 56 k khac 0
S3: Nhdn mot hang véi mét s6 k roi cong vao hang khéc
Khi thuc hién cac phép bién ddi so cip theo hang ddi véi
ma tran A ta nhan duoc ma tran B, ta viet A — B

Néu ma tran B c6 dugc tir ma tran A qua hiru han cac phép
bién doi so cap trén dong thi ta né1 A va B 1a hai ma tran twong
duong hang.

Kyhiéu  A~B.

Vidu2.17 l:l 21 j| $3: —2h1+h2—>h2 \l:l 2 l:l

21 -1 0 -3 -3
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2.5. Ma tran rut gon bac thang (theo hang)
Dinh nghia: Ma tran rit gon bdc thang la ma tran c6 cdc
tinh chat:

(i) Cdc hang bang 0 (néu c6) nam duwdi cdc hang khdc 0.
(it) Dudci phan tir khdc 0 ddu‘tién (tinh ti bén trai) cua
moi dong khdc 0 la cac phan twe 0.
Ghi chu:
[0 Dong khéc 0 1a dong c6 it nhdt mot phan tir khac 0

[0 Pé ngan gon, ngudi ta thuong ndi “ma tran bac thang”
thay cho “ma tran rat gon bac thang”.

Vidu 2.18
-2 3 0 0 1
0O 1 2 -1 3
A= 0 00 5 0 1a ma tran bac thang.
0O 00 0 O
-2 3 0 0 1
0 |112 -1 3
B= o Lslo o o khong 1a ma tran bac thang.
0O 0 0 0 O
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-2 3 0 0 1
0O 0 2 -1 3

C = 0 00 0 0 la ma trin bac thang. [
0O 0 0 0 O

Vi du 2. 19 Tim ma tran bac thang twong duong hang véi ma tran
sau:

1 2 3 4
2 1 1 0
A=l3 o 2 1
4 -1 0 -3
Giai
Rl +h2—h2 L2 3 4
Lo o s s
0 -6 -7 -11
0 -9 —12 19
1 2 3 4
EMII ) 3 -5 -8
0 0 3 5
O 0 3 5
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1 2 3 4
0 -3 -5 =8
—h3+h4—h4
0O 0 3 5)
0O 0 0 0
Vay
1 2 3 4
0 -3 -5 =8
A~ O
0O 0 3 5
0O 0 0 O
2.6. Dinh thurc

2.6.1. Pinh nghia dinh thirc cip n
Dinh thitc cuia mot ma tran vuéng A = (aij) cap n (goi

tit la dinh thirc cap n) la mét s6, ky hiéu la |A| hodc det(4), cé
dwoc bang cach qui nap nhw sau:
O Néu n=1 thi det(4)=a,;. ,
0O Neu n=2 thi ta co dinh thiec cap 2:
a,, G
det(A) =

a,, = Q1 Qyy — G150y,

O Néu n=3 thi ta c¢é dinh thirc cdp 3
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Ay Gy Gy
det(A) = Ay gy Gy
Q3 A3y Qg
= a11a22a33 + a12a23a31 + a13a21a32 - a1§3a22a31 - a12a23a33 - a11a23a32

Ta thay dau (+) va ddu (-) duoc gan cho cac tich theo so d6 sau:
() -

Qui tic tinh dinh thtrc cap 3 nhu trén goi 1a qui tic Sa-rut.

Téng qudat, gid sit dinh thirc ciia cdc ma trdn vudng cdp n—
1 da dvoc dinh nghia. Ta goi ma trdn con A; cua ma trdn A(cdp
n) g véi phan tir a;j la ma trdn cd tw ma trdn A bang cdch bé di
hang i, cot j (Aij la ma tran vuong cap n—1),

Ky hieu M; = det(A;)
Ta dinh nghia dinh thirc cua ma tran A nhu sau:

det(A4) = a,,M,, —a,,M,, + - +(_1)n+l a, M, (2.14)

n

_ 1+A
M,

Cong thue trén duge goi la cong thire tinh dinh thirc bing
cach khai trién theo hang 1.
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Trong cong thitc trén (— 1)i+j M;; goila phan bi dai so

ctia phan tir dimg ¢ hang i ¢ot j trong dinh thirc cia A.

i Chéng han, ta c6 thé tinh dinh thirc cip 3 bang cach khai
trién theo hang 1 nhu sau:

22 a3 21 %3 21 %22
~ Gy Gy| “iz Ay 3 T A3 O3
Vidu 2. 20
-2 3 5
Cho dinh thie: [A|=|1 4 2|. Phin bu dai sb cua
3 -1 2
cac phan tir thudc hang tht nhét cia |A| la:
4 2
a, =(1D)"M, = 4 9= 10;
1 2
@, = (1) M, = — =4

3 2
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1 4

Qyy = (_1)1+3M13 = 3 1

Vi du 2. 21

a b
a).x

b).

= —6
1 1
-3 1
d). Tinh det(A) = 9 0
2 1
Giai

w O ot N

=—-13 0O

Ap dung cong thirc tinh dinh thirc bang cach khai trién theo hang

1 ta duoc:
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15 1] |85 1| |31 1 |31

det(A)=1/0 0 0[-L|-2 0 0|+2-2 0 0|-2|-2 0
13- |23 |21 |21
=16

Trong dinh nghia trén, ta c6 cong thirc tinh dinh thirc bang
cach khai trién theo dong 1. Tuy nhién, ngudi ta chimg minh duoc
rang cac dong ciing nhu cc cot khac ciia ma tran déu co vai trd
twong tu nhur dong 1. Cu thé ta ¢6 dinh 1y sau:

2.6.2. Pinh ly Laplace khai trién dinh thic

Dinh ly:

Pinh thirc ciia ma trdn vuéng A cap n dwoc tinh theo céng
thirc sau:

det(A) = (_l)m %Ml (_1>i+2 %2]\412 + '+(_1>i+n a’inMn (2.15)

= (_1)i+k ay M,

k=1

det(4) =(—1)" a, M, +—)*" a, M, +-+-1)"" a,M, (2.16)

J

n i
=) (=™ a; M,
k=1
Cong thirc (2.15) duoc goi la cong thirc khai trién theo hang i.

Cong thirc (2.16) duoc goi la cong thirc khai trién theo cot j.
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1 1 2 2
-3 15 1
Vidy2.22Tinh det(4)=| , = o
2 1 3 —1

Giai:

Ap dung cong thirc khai trién theo hang 3 ta co:

12 2
det(A=(D("[1 5 1|{4+0.(-D"*M, +0.(-1)* M, +0.(-1)" M,
13 =

—(-2)(-8)=16 ©

Nhan xét: Néu chon hang hodc cot khai trién c6 nhiéu sb 0 thi
vi¢c tinh dinh thure s€ don gian.

2.6.3. Cic tinh chét co ban cia dinh thirc

Tinh chat 1: Dijnh thuc cua mot ma tran vuong cdp n bang dinh
thirc ciua ma trdn chuyén vi cua no

|4 =]4"] (2.17)

Hé qua 1: Nhitng tinh chdt ndo cia dinh thirc ding véi hang thi
cting dung voi cot va nguwoc lai tinh chat nao dung voi cot thi
ciing dung voi hang.
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Tinh chit 2: Khi nhdin mét hang (mot cot) cua dinh thiec voi mot
sO k thi ca dinh thirc dwoc nhan lén so k do.

Ay Gy e Gy Ay Gy e Oy,
kay, kay, ... ka,|=Fk|0% Gy - G, (2.18)
anl anQ v a’nn a’nl a’n2 oe a’nn

Vi du 2. 23 Khi tinh dinh thtrc

13 2
1, 3
2 2
2 0 1

14 4 1 R .
ta thay hang 2 c6 thura s6 chung la 5 thi ta c6 thé dua ra ngoai

b3 2 1 3 2
£ , 31 1
dau dinh thirc: |— 2 ——|=—|1 4 -3 0
2 2 2
2 0 1 2 0 1

Hé qua 2: Néu tdt ca cac phin tir ciia mét hang (cét) ndo dé
trong dinh thuc déu bang khong thi dinh thicc bang khong (Vi ta
co thé coi 0 la thira so chung va dwa ra ngoai).

Vidu 2.24
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02 -2 00 2 -2 |02 -2
A=0 1 3[=00 1 3|=0/0 1 3|=0 [
03 —4 00 3 —4 [0 3 —4

Tinh chét 3: Néu trong dinh thirc ta doi ché 2 hang (2 cgt) con
cdc hang (cot) khac gite nguyén vi tri thi dinh thirc doi dau.

Vi du 2. 25
1 3 2 1 4 -3
Vil 4 —3|=-33chonén|l 3 2|=33
2 0 1 2 0 1

(d6i chd hang 1 va hang 2, hang 3 giir nguyén)

H¢ qua 3: Né'L{ dinh thirc ¢6 hai hang (hodc hai cét) bang nhau
thi dinh thirc bang 0.

Vi dy 2. 26
1 -3 1 1 -3 1
A =13 5 3[=—3 5 3| (ddichdcotl vacot3).
2 -1 2 2 -1 2

Nhung vi hai ¢t nay nhu nhau nén

[Al= -4 <[4 =0 ©
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H¢ qua 4: Néu dinh thirc ¢6 2 hang (2 cot) ty ¢ thi dinh thirc
bang 0. Vi khi dwa hé so ty Ié ra ngoai thi con hai hang (2 cot)

bang nhau.

Tinh chét 4: Néu trong dinh thirc:

ayy Qy, a,,

A9y Ay Ay,
A =

a’nl a’nj a’nn

co cot C; bang tong cia hai cét C] va C;, hay:

' 1
ay; ;) |0y
1 "
Ay ay, ay;
— + (2.19)
a . 1 "
K a nj a nj

Khi ds: |A] = |A] +]A,]

trong do |A1| la dinh thiec thu dwoc tw |A| bang cdch thay cot G

bang cot C; con cac cot khdc gitk nguyén:

!
Qe QY oay,
|
A CL21 CLQJ- CLQn
| 1|_
a a'
nl nj nn
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ay e @'y a,
Ay .. @'y oG,
Tu’Ungtu’|AZ|: 21 2j 2
a, .. a"nj e Q.
3 1 3
Vidu 2.27 Tinhdinh thirc 2 2 —4
4 4 7
Giai:
3 1 |2
Tach cot 1 thanh |2| = |2| 4 |0] thita co
4 41 10
3 1 3 1 1 3 2 1 3 2 1 3
2 2 —A4=2 2 4410 2 —44=0+|0 2 -4
4 4 7 4 4 7 0 4 7 0 4 7

=2(2.7+4.4)=60

H¢ qua 5: Trong mot dinh thiic, néu ta nhan 1 hang (1 cot) voi 1
80 k roi cong vao hang (cot) khac thi dinh thiec khong doi.
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1 -2 2
Vidu2.28 Tinh |3 —4 5
2 1 4
Giai:
1 -2 2 —3hy+ho—hy 1 -2 2
—2hy +-hy—hg
Taco|3 —4 5| = [0 2 -1
2 1 4 0 5 0

Khai trién Laplace theo cot 1:

1 -2 2
2 -1

0 2 —I=1 =5 [
5 0

0 5 0

2.6.4. Cac phuwong phap tinh dinh thirc
Phuong phap ha bac

Ttr cac tinh chét cua dinh thic, ta ¢6 3 phép bién ddi chinh
nhu sau:

Phép bién ddi Gia tri dinh thirc
Dbi chd 2 hang (2 cot) Dinh thuc d6i dau
Nhan k v6i 1 hang (1 cot) DPinh thurc nhan k

Cong k lan hang (cot) r vao | Pinh thirc khong ddi
hang (cot) s
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Tur vi du 2.28 ta c6 cach tinh dinh thirc nhu sau:

Ap dung cic tinh chét cua dinh thic bién d6i dinh thic vé
dang trong mét cdt (hodc mdt hang) nao doé chi c6 mot phén to
khac 0 (con cac phan tir khac déu bang 0). Sau d6 khai trién
Laplace theo cot (hang) d6. Thudng ngudi ta hay bién ddi cot mot
nhu vi du sau:

3 4 5
Vidu2.29 Tinh [l 2 2

2 1 4

Giai:
3 45 12 2,00 1 2 2
12 "3 4 5 T 2 —1——1_2 !
- B I

2 1 4 2 1 4 0 -5 0
-5 0

Nhu vay, thay vi ph!’li tinh dinh thirc cép 3 ta ha dugc mdt bac, chi
con tinh dinh thtrc cap 2.

Phwong phap tam giac

Néu dinh thtrc ctia ma tran c¢6 dang tam giac trén

Ay G Qrp

4 0 ay Qs
10 0 a,,

0 0 0 a,
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thi khi tinh, ta 4p dung lién tiép khai trién Laplace theo cot mot s&
duoc:

|A| = A118yy---Ayy,
Nghia 1a: Dinh thirc ctia ma tran tam giac bang tich cac phan tir
trén duong chéo chinh.

Trudng hop dinh thirc cia ma tran tam gidc dudi ta duoc két qua
tuong tu néu khai trién li€p ti€p theo hang 1.

Pé tinh cac dinh thic cép cao ngudi ta  hay dung cac tinh
chat cua dinh thirc dé bién d6i dinh thirc dua vé dang tam gidc rdi
lay tich cac phan tir trén dudng chéo chinh.

T a a a
a T a a
Vidu 2.30 Tinhdinh thic cdpn [4]=|¢ ¢ T ... @
a a a ... T

Theo hé qua 5: Nhan hang 1 véi (-1) rdi cong vao cac
hang khac, ta co:

z a a a
a—x T—a 0 0

|A|:a—3: 0 T—a 0
a—x 0 0 Tr—a

cong cot 2, 3, ..., n vao cot 1 ta co:
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r+(n—1a a a a

0 r—a 0 0

|A| = 0 0 =z—a 0
0 0 0 r—a

va dung cach tinh dinh thirc dang tam giac ta c6 két qua:

|4 =[z+ (n—Da](z—a)"" [

2.7. Hang ciia ma tran

Cho A 13 ma trdn ¢& mxn va p 1a mot sé nguyén dwong, p
< min(m,n).
2.7.1. Pinh nghia (Pinh thirc con)

Ma tran vuong co p hang, p cot thu duoc tir A bang cdch
bo di (m-p) hang bat ky, bo di (n-p) cot bat ky dwoc goi la ma tran
con cap p cua A.

Dinh thiec cua ma trdn con do dwoc goi la dinh thirc con
cdp p cua A.

1 -2 3 1
Vidu2.31 Xétmatrancd3x4 A=|—-2 1 1 —4
-1 -1 4 -3

B¢ di (3-3)=0 hang, bo di (4}-3)=1 cot (lén luot 1a cac cot 1, 2, 3,
4) ta dugc 4 dinh thic con cap 3 cua A la:
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2 3 1 1 3 1

1 1 —4=0 [-2 1 —4=0
~1 4 -3 ~1 4 -3

1 2 1 1 -2 3
—2 1 —4=0 -2 1 1/=0
-1 -1 -3 —1 -1 4

B¢ di hang cudi va bo di 2 cdt cudi ta duge dinh thic con cép 2
cua A:

C6 thé bo di hang khac, hai cot khac ta s& dugc nhiéu dinh thic
concap 2 khaccua A. [
2.7.2. Pinh nghia (Hang ciia ma trin)

Cdp cao nhdt cia dinh thirc con khéc khéng ciia A dwoc
goi la hang cua ma tran A. Ky hiéu r(A).

1 -2 3 1
Vidu2.32 Timhangciamatran A=|—2 1 1 —4
-1 -1 4 -3

Giai:
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Theo vi du trén, ma tran A ¢6 moi dinh thirc con cép 3 déu
bang 0, va c6 it nhat mét dinh thirc con cap 2 khac 0 nén ta co
r(A=2. O

2.7.3. Tinh hang ma tran
C6 hai cach tinh hang cua ma tran:
Theo dinh nghia

Tinh céac dinh thtrc con khéc 0 (thuong bat dau tir goc trén
bén trai). Cip cao nhit ciia cic dinh thic con khac 0 13 hang ma
tran.

Nhén xét: Nguoi ta thuong khong st dung cach nay vi déi khi phai tinh
kh4 nhiéu dinh thire con.

Diing cac phép bién ddi so cip theo hang ciia ma trin

Dua vao cac tinh chit cia dinh thirc, ta thiy ngay viéc
thuc hi¢n cac phép bién doi so cap theo hang ciia ma tran s€ lam
cho céc dinh thitc con cua ma tran A dang xét thay doi bang boi k
khac 0 ctia chiing nén ta c6 dinh 1y sau:

DPinh ly

Cac phép bién doi so cdp theo hang ciia ma trdn khong
lam thay doi hang cua ma tran.

Hang ciia ma trdn bdc thang bang sé hang khdc khéng
cua no.

Vay ta co qui tac tim hang ma tran nhu sau: Dung cdc
phép bién doi so cap dwa ma trin vé dang bdc thang roi dém so
hang khdc 0 (hang khdc 0 la hang cé it nhdt mét phan tir khdc 0),
s6 dém dwoc sé la hang ma trdn.

Vidu 2. 33
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1 -2 3 1
Timhangcilamatran A=|—2 1 1 —4
-1 -1 4 -3
Ta co:
1 —23 1| L., [t -23 1
A=|-2 1 1 —4/ D o —3 7 -2
-1 -1 4 -3 0 -3 7 -2
1 -2 3 1
—hythy—hy 0 —3 7 -2
0O 0 0 0

Ma tran bac thang tuong duong hang véi A ¢6 2 hang khac 0, vay
T(A) =2 [J

Vi du 2. 34 Tinh hang ma tran sau theo m
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Pua A vé dang béc thang:
1 1 m m
A—M=B 01 m 1 m
m 1 1 1
1 1 m m’

—hl+h2—>h2 s10 m—=1 1—m m_m2

—m.h1+h3—h3
2 3
0O 1-m 1-m~ 1-m

1 1 m m*
AT T SN Y 1—m - m?
0 0 2-m-m> l+m-m’-m’
-4
Xétphéntfr ap=2-m-m'=0 &Sm=lvm=-2
Khim # -2 vam # 1 thi 4~ A" ¢6 3 hang khéac 0 nén r(A)=3

1 1 =2 4
Khim=2,thi A~A4'=|0 -3 3 =2

O 0 0 3
Vay r(A)=3.

1111

Khim=I,taco A~A"=|0 0 0 0| nénr(A)=11]
0 00O
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2.8. Ma tran nghich dio

2.8.1. Dinh nghia

Cho A la ma trgn vuéng cdp n. Ma trgn nghzch dao cua
ma trdn A (néu c¢é) sé la mét ma tran cdp n ky hiéu A théa man:

AA ' =AA=1 (2.20)
(1 la ma trdn don vi cdp n)

Néu A ¢6 ma trdn nghich dao thi A goi la ma tran kha
nghich.

1 2
Vidu2.35 Matran A = 4 c6 ma tran nghich dao 1a
-2 1
At=l3 1
2 2
1272 Y| 72 o9 1o
V‘ pu— pr—
Ygoall3 LT3 i3 4T 1
2 2 2 2

2.8.2. Diéu Kién ton tai ma trin nghich dio va cich tim
Pinh ly:
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a’ll a’12 a’ln
. 3 z a’21 a’22 a’?n B
Ma trdn vuéng cap n A = co ma
a’nl an? a’nn

tran nghich dao khi va chi khi det(4) =0

va cong thirc xdc dinh A la:

= det(A) (2.21)
trong do
Cll 612 Cln
C _ C21 622 CQn
L Chy e Gy

Voi cjj la phan bu dai so cua phdn tir a; trong ma trgn A.

Tirc la ¢, =(-1)"'|A,|

Vi du 2. 36 Tim ma tran nghich dao (néu c¢6) cia ma tran sau

2 1 4

A=]1 3 -3
-3 2 -1
Giai:

Ta c6 det(A)=60 # 0 = A la ma tran kha nghich.
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Tinh cac phan bu dai so:

3 — 1 = 1
G :(_1)1+1 9 1 =36, :(_1)1+2 _3 1 =10 ¢, :(_1)1+3 _3 j =11
1 4 2 4 2
o=, |=he=( , | =lhe=( , J=T

1 4

Gy = (_1)3+1 3 J =—15¢ :(_1)%2

2 4
| g =10 ="

Vay ma tran nghich dao ctia ma tran A la:

c 3 9 -15

B 1 1 Y b 1
A :det(A) b Cy Cy =—10 10 10
Cis Gy Cg 11 -7 5

1 3 5

20 20 20

_/r 1 1

6 6 6

Uo7

60 60 60

Dé y: Néu A.B=I thi A va B la cac ma trdn kha dao va ma tran
nay la ma tran nghich ddo ctia ma trén kia.
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Phuong phap Gauss tim ma tran nghich dio
Gia st can tim ma trin nghich dao ctia ma tran A.

Thuat toan

Buwéec 1: Lap ma tran gém nira trai la ma tran A, nira phai la ma
tran don vi: [A |I]

Buére 2: Dung cac phép bién ddi so cép theo hang dwa ma tran
A vé ma tran cd dang don vi, cac phﬁn t trén cung
hang cta ma tran bén phai mic nhién bién dbi theo.

Buée 3: K&t luan, khi ma tran bén trai co dang ma tran don vi
thi ma tran bén phai s€ la ma tran nghich dao cua A.

Tém lai: Ta sir dung cac phép bién doi so cap theo hang clia ma tran dé
tim ma tran nghich d4o cia ma tran A theo so dd sau:

|:A|I:|—>[I‘A"J

Ghi chu: Ta s€ giai thich tai sao c6 phuong phap tim ma trén
nghich dao nhu trén (Phwong phap Gauss) sau khi nghién ctiru vé
h¢ phwong trinh tuyén tinh.

o = O
—_— O

2
Vidu 2. 37 Tim ma tran nghich d4do ciia ma trdan 4 =| 3
1

Giai:
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2 0 I11 0 0
Budc 1: Lapmatrandang |3 1 0|0 1 O
1 0 10 0 1

Budc 2: Bién ddi dua nira ph?in ma tran A vé dang don vi.
Dbi chd hang 1 véi hang 3 duoc
1 0 110 0 1|3kl 1 0 110 0 1
T2 —h
-3 10010 = |01 301 3
20 11 00 0 0 1)1 0 2|K(=-D)—h

1 0 1|0 O 1 |"A>hi1 0 Of1 0 -1
Iy +3hy—h,

-0 1 -3j0 1 -3f = |01 O3 1 3
00 1}-1 0 2 0 0 1-1 0 2

Budce 3: Nira bén trai 1a ma tran A ¢6 dang don vi, nira bén phai s€ 1a ma
trn nghich ddo cla ma tran A:

1 0 -1
A'=1-3 1 3
-1 0 2

Luwu y: Ludn nhé phai kiém tra lai ma tran nghich dao tim dugc
bang cach kiém tra lai cong thirc: AA™' =T
2.8.3. Tinh chit ma trin nghich dao
AhY'=A
Néu A, B déu kha nghich va cung cép thi:
(AB)'=B"'A"
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BAI TAP
Bai 2.1 Thuc hién cac phép toan ma tran.
1 3 2
) 6 5|2 11 5 by (41 3 2) 1
a
0O O\-7 3 2 0
2 3 5
5
3 2 -1 X
c 1 4 9 3 d 201 2
NI T BV
: 0

2 1 -1
e) A= ;
01 4

Tinh (2A +3B)C.

3

-2 1 0
B= ; C=|2
-3 2 2 {

2 1
f) A 2(0 3}; f(x) = 3x* + 2x - 4. Tinh f(A)
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(1 a)! ‘
g) Tinh 0 1 ,a€R van e N.

Bai 2.2

a) Tim cacsd x, y, z, w néu:

3)cy:x 6+4 x+y
z w -1 2w zZ+w 3

b) Tim tit ca cac ma tran thyc cip 2 nhan giao hoan v&i ma tran
2 1
A =
0 1

Bai 2.3 Cho cac ma tran

1 1 3 2 2
2 -1 =2
A=122,B=—12,c=[ j
2 3 1
225 3 2
a) Tinh (AB)C,C'B'A".
b) Tinh f(A) biét f(x) =2x>+3x +5 - 2.
X

Bai 2.4 Tim ma tran X trong cac truong hop sau:

(1 2) (3 oj
a) X = ;
3 4 7 2
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(3 2] 64 q
b) X. = ;
-2 -1 -1 1

(2 q (1 —j C 1
) X-X. =
1 2 -1 1 1 -1

2

7 6 5
all 2 -1; bl

d) )

X

N R 8 O
@ o O 8
8 O
S 8 & ®

2 2 35
dl2 5 4|X-17 6|=3]2 2
45 2 1

b+x

X

=~ W N -

X
X

ct+Xx

—oRs W N

N = s W

W N = s
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1 2 3 .. n—1 n

1 1 1 1 I 0 3 ... n—-1 n

a a' a a' 1 2 0 ... n—1 n
Yoo b b T
ab a'b ab' a'b' 1 2 3 ... 0 n

1 2 3 ... n—-1 0

Bai 2.6 Giai cac phuong trinh, bat phuong trinh sau:

boxoa® o by x+1 x+2

a) b2 48 b)|x+3 x+4 x+5/ =0
b3 9z x+6 x+7 x+8
1 4 16 64
2 x+2 -1 2—x 1 1

¢ |1 1 -2[>0 d| 1 3—z 1 [=0
5 3 X 1 1 2—-z

Bai 2.7 Tim hang cac ma tran sau:

1 3 5 -1
2 -1 3 -2 4

2 -1 -3 4
a) by|l4 -2 5 1 7

5 1 -1 7
2 -1 1 8 2

7 7 9 1
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0
-1
3
0
2

2
—4
3)

Bai 2.8

a) Cho A=

b) Cho A =

¢) Cho A=

—4]

5

7

-10

0_

1 m 1 3

1 2m 1 4|.Pinhmdér(A)=2.
m 1 1 4
m 1 1 1

1 m 1 m |.Pinhmdé r(A)<3.
1 1 1 m

1 4 3 6
-1 0 1 1] _ .

. binh m dé r(A)=3.

2 1 -1 0

0 2 m 4

Bai 2.9 Tim hang ma tran sau (bi¢n luan theo m):
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2
5
7 8 9
10 m 12

2 1 2
Bai 2.10 Chomatran A= 3 2 6 |. Tim ma tran nghich
-1 1 7

dao A" biang phuong phap Gauss- Jordan.

3 4 5
Bai 2.11 Chomatran A=| 2 -3 1 |. Tim ma tran nghich
3 -5 -1

dao A™! bang cach sir dung dinh thike.
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Chuwong 3
HE PHUONG TRINH TUYEN TiNH
Hé phuong trinh tuyén tinh 12 mot kién thtrc toan hoc ¢6 tmg
dung trong hau hét cac nganh hoc k¥ thuét.
Hoc xong chuong nay sinh vién phai nim dugc phuong phap
va giai dugc cac hé phuong trinh tuyén tinh tong quat, biét cach
giai trong trudng hop hé co tham sb.

3.1. Khai niém
O Hé phwong trinh tuyén tinh gom m phwong trinh n an
50 la hé co dang:
a,x, +a,x,+..+a, x =b
a,, X, +a,X, +...+a, x, =b,

(3.1)

a,x +a,,x,+..+a,x =b

m

trong do: x; j = 1, 2, ..., n) la cdc an so.

a; (i=1m; j= 1,n) la hé sé ciia an x; trong phwong
trinh thur i.

b (i=1,m) la hé sé tw do ciia phwong trinh thir i.

0 Nghiém h¢ phwong trinh tuyén tinh

Mot bé s6 (a5, @, ..., &) duoc goi la nghiém cua hé
phuong trinh néu khi ta thay x;=ay, X2 = a0, ..., X,=04, vao hé thi
ta thdy tat ca m dang thire déu théa man.
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X, +x, =36

2x, +4x, =100
phuong trinh 2 4n s6. Hé nay c6 nghiém 1a (22, 14) vi khi thay
z, = 22,2, = 14 vio hé ta thiy cic h¢ thirc déu thoa man,

Vidu3. 1 { 13 hé phuong trinh tuyén tinh gdbm 2

0 Phép bién d6i twong dwong

Phép bién doi twong dwong la cdc phép bién doi hé
phuong trinh ma khong lam thay doi tap nghiém cua hé phuwong
trinh.

Ta c6 3 phép bién doi twong dwong thuong gip nhu sau:

B1: Péi ché hai phwong trinh

B2: Nhdn hai vé ciia mét phwong trinh véi mot sé k =0

B3: Nhdn 2 vé ciia mdt phwong trinh véi s6 k roi cong vao

phuong trinh khac.

0 Dang ma trin ciia h¢ phwong trinh tuyén tinh

Lay céac hé so cua an xép thanh ma tran:

a, 4y a,,
A= a, Ay a,,
aml amZ amn

X

Lay cac an 1ap ma tran cot: x =
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b

Léy cac hé sb tu do 1ap ma trén cot: B = :

A dugc goi 1 ma tran hé s6 cua hé (1).
x dugc goi la ma tran an s6
B duoc goi 1a ma tran cdt hé s6 tu do
Ap dung cac phép toan ma tran, ta co thé viét hé phuong
trinh tuyén tinh & dang:
Ax =B (3.2)

goi 1a dang ma tran cta hé phuong trinh tuyén tinh.

Ngoai ra, ta ¢6 thé 1ap ma tran hé sé b sung (Hay ma

tran mé rong) cta hé, ky hiéu la 4 hodc (A,B)
a, 4, a,| b
— a a e, | b
A — (A, B) — 21 22 2n 2 (33)
aml amZ amn bm

i 3z+2y=6 3 2|z 6
Vidu3.2 & =
r—y=35 I -1y 5
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. 3 2
Hétrén comatranhésola A :L J , cO ma tran hé so bo

- 13 2 6
sungle‘t:A:{1 . 5}

Luuy:

- M&i hé phuong trinh tuyén tinh c¢6 twong ing duy nhat
mot ma tran hé s6 bd sung.

- Cac phép bién ddi twong dwong mot hé phuong trinh
tuyén tinh B1, B2, B3 tuwong dwong vdi cac phép bién ddi so cap
S1, S2, S3 theo hang cia ma tran hé s6 bd sung cua h¢. Do d6
thay vi bién ddi trong duong hé phwong trinh, ta c6 thé bién ddi
ma tran hé s6 bd sung cua hé theo hang.

Ching han, theo ddi su thay d6i khi thuc hién phép bién d6i
tuong duong cta hé phuong trinh véi sy thay doi tuong tmg cia
ma tran hé s6 bd sung cuia hé phwong trinh tuyén tinh sau

3z+2y=6
r—y=5
Bién ddi hé Bién d6i ma tran Ghi cht
3z+2y=6 Z—3 2 6
T— y=5 11 -1 5

T—y =5 I -15 Déi chd hai
3z+2y=6 3 26 phuong trinh
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Nhan phuong
{x— y=5 F 15 } tr‘mhAtren V?’l -3
va cong xuong
S5y=-9 0 5 -9
y phuong trinh
dudi
| Hé phuong trinh tuyén tinh thuin nhét

Néu B=0 thi‘ hé pl}uong trinh Ax = 0 goi la hé phuong
trinh tuyén tinh thuan nhat.
Vi du 3. 3 Hé phuong trinh tuyén tinh sau 13 hé thuan nhat
T, +x, — 2z, =0
x, — 2%, + 2z, = 0

3.2. Phwong phap giai hé phwong trinh tuyén tinh

3.2.1. Phwong phap Gauss Jordan

Dinh ly Cronecker-Capelli

Piéu kién can va di dé mét hé phurong trinh tuyén tinh c6
nghiém la hang ma tran hé 56 cuia hé bcfng hang ma tran hé 56 bo
sung cua hé:

rA) =r(A) (3.4)

Phwong phap Gauss- Jordan:
Xét hé phuong trinh tuyén tinh sau
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{x1+x2—2x3 =1

20, — 2, =5

Thay ngay hé phuong trinh tuyén tinh trén giai d& dang: tir
phuong trinh thir hai, ta rit z, theo z, (hodc ngugc lai) roi tir d6
thay nguoc 1én phuong trinh thir nhat dé tim z, .

Bén canh d6, néu nhin ma tran hé s6 bd sung cua h¢ trén thi ta
thiy no6 chinh 1a ma tran c6 dang rt gon bac thang:

11 -2 1
0 2 -1 5

Y tudng ctia phwong phap Gauss Jordan la ding cac phép bién dbi
so cAp trén hang ctia ma tran dua ma tran hé s6 bd sung vé dang
bac thang. Khi d6, hé¢ phuong trinh da cho twong duong véi hé
bac thang. Hé bac thang nay giai dé dang tir dudi Ién.

So db giai hé phuong trinh tuyén tinh bang phwong phap Gauss
Jordan nhu sau:

hep bien doi A
[A|B] cacpnopDIPN OIS0 [A' |B']: Dang béc thang.
theo hang cua ma tran

Khi do Ar =B < Axz=D

trong d6 A’z = B’ 1a hé dang béc thang nén giai d& dang.

Sinh vién tim hiéu thém phuong phap nay qua vi du sau:

Vi du 3. 4 Giai hé phuong trinh tuyén tinh:
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2x, —2x, +4x; +4x, +6x, =35
X —x, +2x; +3x, +5x; =5
X, —2x, +3x; +x, +2x; =3
2x, —3x, +5x; +4x, +7x; =8

Giai:
Lap ma tran h¢ s6 bod sung cua hé
2 -2 4 4 6|5 1 -1 2 3 55
— |1 =1 2 3 5|5 ,om |2 -2 4 465
A= —
1 -2 31 2|3 1 -2 31 2 3
2 -3 5 4 718 2 -3 5 4 7 8
1 -1 2 3 5 5
Zgjgj)),’;: j,’;}z 0 0 0 2 -4 -5
g +(=2)h —hy ? _ o
0O -11 =2 -3 =2
0O -11 =2 -3 =2
1 -1 2 3 5 5
0O -1 1 -2 -3 =2
h2<h3
0O 0 0 2 4 -5
0O -1 1 -2 -3 =2
1 -1 2 3 5 5
(Do 0o -1 1 -2 -3 =2
Dok Tl 0 0 2 4005
0O 0 0 0 0 O

Thiy ngay r(A4)= r(Z) nén hé c6 nghiém.
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Vay h¢ phuong trinh da cho tuong duong hé phuong trinh sau:
T, — %, + 22, + 3z, + 5z, =5 (1)
—x, + 1z, — 22, — 3z, = —2(2)
2z, + 4z, =5 (3)
Hé c6 dang hinh thang, ta chuyén x3, xs qua vé phai lam 4n ty do:
X, —x,+3x, =5-2x; —5x;
—x, —2x, =—2—x, +3x;
2x, =5-4x,
—4x;

T (3) rat duoe x, = > , thay vao (2) ta duoc:

X, ==3+x; + X4

Thay X4, X2 Véo (1) ta dlIQ’C xl = _11_22x3 +4x5
X, = —11-2x +4x
2

X, =3+ x; + X;
Vay nghiém hé phuong trinh 1a < x; e R

_5—4x
2

X4

x;eR
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Truong hop sau khi bién doi, s6 phwong trinh con lai bang so
an so.
Ma tran h€ so bo sung cua h¢ c6 dang:

a, a, .. a, b

— 0 a e a b
A — (A, B) - 22 2n 2 (35)

0 0 .. a, b

voi a; #0 ta lai co thé dung cac phép bién doi so cap dua phan ma
tran hé so cua hé vé dang ma tran don vi:

1 00 .. 0 q

01 0 .. 0 «
- (3.6)

0 0 0 .. 1 g
X =
: r A i e A xz = az “ A ¥4
Khi d6 h¢ tuong ung c6 nghiém: (nghiém duy nhat)

X =

Vi du 3. 5 Giai hé phuong trinh tuyén tinh
X, +x;, =1
3x, +x, =0
2x, +x,=0
Giai:

Lap ma tran hé so bo sung r6i bién doi
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1 0 1 1| -8wth»n|1l 0 1 1
_ 2h+hy—>hy
A={3 1 0 O - 01 -3 -3
2 010 00 -1 -2

Ma tran nay c6 dang hinh thang, s6 phuong trinh bang s6 an s
bang 3.

Ta bién dbi tiép: nhan hang 3 vdi (-1) duoc

1o 1 1} . [1 00 -l

0 1 -3 3| 3hth=h 1o 1 0 3

00 1 2 001 2
x =-1

Vay hé c¢6 nghiém: <x, =3
X, =2

Nhin xét: Qua cic vi du trén ta thay:

Néu 1(A) = r(A) = s6 an ciia hé thi hé phirong trinh
tuyén tinh cé nghiém duy nhat.

r(A) = r(A) < 56 dn ciia hé thi hé phwong trinh tuyén
tinh c6 v6 s6 nghiém.

r(A) = r(A) thi hé phiong trinh tuyén tinh da cho vé

nghiém.

Qua viéc giai hé phuong trinh tuyét tinh bang phuong
phap Gauss & trén, ta thiy rang thuc chét cia viéc tim ma trn
nghich dao bang cach bién dbi (Phuong phap Gauss) la viéc giai
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cing mdt lac nhiéu hé phuong trinh tuyén tinh. Ching han, gia sir
can tim ma tran nghich ddo cia ma tran cap 3:
a4 4y
A=la, ay, ay
a; 4y Gy
Goi ma tran nghich ddo phai tim la ma tran 4n X chua biét:
X0 g
X=\x, » z
X3 V3 4
Pé tim X, ta phai giai phuong trinh ma tran A.X = I hay

a, 4ap ap|| X NV 4 1 00
a, a, ay||lx, y, z |=[0 1 0 3.7

ay Gy Ay || X5 V3 23 0 0 1

Phuong trinh ma tran nay twong duong véi 3 hé phuong
trinh tuyén tinh c6 cling ma tran hé s6 ciia hé 1a A. Ta c6 thé giai
ddng thoi ca 3 hé mot lac theo phuong phap Gauss. Khi dwa ma
tran hé sd vé dang ma tran don vi thi ma tran nghich dao can tim
chinh 1a ma tran c6 duoc sau khi bién ddi & vé phai.

3.2.2. Phuong phap Cramer

a. H¢ Cramer:

Heé phwong trinh tuyén tinh dwege goi la hé Cramer néu cé
56 phuong trinh bc%ng $6 an s6 va dinh thirc ma trgn hé sé ciia hé
khac khong.
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r+2y=4
Vidu 3. 6 HE la hé Cramer vi ¢6 dinh thirc ma tran
-T+y=95
) 1 2
hé so cua hé 1a 1 1:3;«'&0

b. Quy tic Cramer
Hé Cramer ¢6 nghiém duy nhdt dwoc tinh theo cong thirc:

X —M i=1,2
= j=12,..,n (3.8)

g

trong do | 4,| la dinh thic thu dwoc tir dinh thitc | 4| bang cach

bl
thay cot thir j cua |A| bdng cot hé sé twdo B =|...|, cac cét

b

khac giir nguyén.
Vi du 3. 7 Giai hé phuong trinh tuyén tinh

—2x+y-3z=1

3x—4y+2z=3

Sx+2y+z=-2
Giai:

Ta c6 dinh thirc ma tran hé so cua hé:
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2 1 -3
|4|=|3 -4 2|=-55%0
5 2 1

nén hé phuong trinh tuyén tinh da cho 1a hé Cramer.

Thay cot tu do vao cot 1 cua |A| duoc:

11 -3
|4|=]3 -4 2|=-9,
-2 2 1
tuong tu ta co
-2 1 -3 -2 1 1
|4,|=|3 3 2[=56; |4|=|3 -4 3|=43
5 -2 1 5 2 =2

Theo quy tic Cramer, nghiém duy nhit ctia hé da cho la:

M
bol4 -55 0SS
x=@=—§ (]
*ol4 55
4[4
Y4 s

Dé v, trong qué trinh giai va bién luan mot hé phwong trinh tuyén

Al=|4|=]4]=0. u

khong co ket lugn “H¢ vo so nghi¢m”, dé c6 két luan chinh xac

tinh, khi xdy ra truomg hop |A| =
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thi ta phai giai hé biang phuong phap Gauss. Con néu xay ra
AZ.‘ # 0 thi hé phuong trinh

truong hop ‘A‘ =0 va c6 it nhit mot
da cho v6 nghiém.

Vi du 3. 8 Xét hé phuong trinh tuyén tinh sau:

r4+2y—z=1
—x—2y+z=1
r+2y—z=1

HE trén co |A| = ‘Al‘ = ‘A2‘ = ‘Az‘ = 0 (Do cac dinh
thirc ludn c6 hang 1 va hang 3 giéng nhau).
bé két luan vé nghiém, ta bién d6i dua ma tran bd sung vé dang

béc thang (ttrc 1a dua hé trén vé dang béc thang):

1 2 —1|1 1 2 —111
A=|-1 -2 111l =10 0o 0 |2
1 2 —11 00 0|0

= r(A)= r(?l)
= H¢ v0 nghi¢m. []

Vi du 3. 9 Giai va bién luan hé phuong trinh tuyén tinh sau:
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mx+y+z=1
X+my+z=m

X+y+mz=m’

Giai:
Céac dinh thirc can tinh:
m 1 1
D=1 m 1|= m3—3m+2:(m+2)(m—l)2
1 1 m
1 1 1
D.=lm m 1= -m*+m*+m—-1=—(m+1)(m-1)°
m* 1 m
m 1 1
2
Dyz 1 m 1|= m2—2m+l:(m—1)
1 m* m

Bién luan: Thiy ngay D=0 < m =1vm=-2, vay

0] Nép m#1Am#-2 thi hé 1a hé Crame c6 nghiém duy
nhat 1a
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Cm+l 1 (me1)
m+2 m+2 m+2

0 Néu m=1 thi hé phuong trinh d3 cho trd thanh:
r+y+2z=1 nén hé c6 vo sd nghiém dang:
(xayal —T— y)> T,y tﬁy }”
[0 Néu m=-2 thi hé phuong trinh di cho c6 D=0, Dy #0. Do
do6 hé vo nghiém.
3.3. H¢ phwong trinh tuyén tinh thuin nhat

Ta di biét hé phuong trinh tuyén tinh thudn nhit m
phuong trinh, n an s6 c¢6 dang:

a,x, +a,x, +..+a,x, =0

Ay X, +ayx, +..+a,x, =0

a,x, +a,,x,+..+a, x =0

Dé thay hé phuong trinh luén c6 nghiém x, =x,=..=x, =0,
nghiém nay goi 1a nghigm tim thwong. Nhu viy, véi mot hé
phuong trinh tuyén tinh thuan nhat bat ky, hé ludn co nghiém.
Diéu nay ciing c6 nghia 1a hé c6 nghiém khong tim thwong
(nghiém khac khong) khi va chi khi hé ¢ v6 s6 nghiém.

Tir nhan xét rat ra tir dinh 1y Cronecker-Capelli, ta c6 thé thiy
ngay dinh 1y sau:
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3.3.1. Pinh Iy

Heé phwong trinh tuyén tinh thuan nhat c6 nghiém khéong
tam thwong khi va chi khi ma tran cua hé co hang nho hon $6 an
56:

r(d)=r <n. (3.9)
H¢ qua:

Néu hé phuwong trinh tuyén tinh thuan nhdt cé sé phwong
trinh bang sé an so thi hé sé cé nghiém khong tam thuwong khi
dinh thirc ma trén hé s6 ciia hé bcfng 0.

Vidu 3.10 Tim m dé hé phuong trinh thuan nhat sau chi co
nghiém tam thuong

mx+y+z=0

x+my+z=0

x+y+mz=0

Giai:
Vi hé da cho 1a h¢ vuong nén hé chi c6 nghiém tam
thuong khi va chi khi det(A) = 0
m 1 1

=1 m 1¢0<:>{
1 1 m

m#-=2
m#1
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3.3.2. H¢ nghiém co ban

Gia str hé phuong trinh tuyén tinh thudn nhat Az = 0 ¢6
nghiém khong tam thudng, thdy ngay tap nghiém cua hé c6 (n-r)
an ty do (n 1a s6 an trong phuong trinh, con r=r(A)).

Gia st ta chon mét 4n tu do nao d6 1a 1 va (n-r-1) 4n tu do
con lai 12 0, sau d6 thé vao giai duoc r 4n khac thi ta dugc mot
nghiém cu thé. B?mg cach gan 14n luot cac an tu do gia tri 1, con
céc an tu do con lai chon b?mg 0, ta tim dugc mot tap nghiém gém
(n-r) nghi¢m, tap nghiém do6 goi la h¢ nghiém co ban cua h¢
phuong trinh tuyén tinh thuan nhét.

Vi du 3. 11 Tim hé nghiém co ban cta hé phuong trinh tuyén tinh
thuan nhat sau:

{xl +x, =2z, +x, =0
) i Giai:
Thay ngay dang nghiém tong quat ctia hé 1a
(@, Ty, 5=, — Ty + 225, T, Ty, T, tUY Y.
Cho z, = 1,z, = z, = 0, ta dugc nghiém (1,0,0,-1)
Cho z, = 1,2, = z, = 0, ta duwoc nghiém (0,1,0,—1)
Cho z, = 1,2, = z, = 0, ta duwoc nghiém (0,0,1,2)
Vay h¢ nghiém co ban cua h¢ la:
{(1,0,0,-1), (0,1,0,-1), (0,0,1,2) }

Vidu 3. 12 Tim hé nghiém co ban cua h¢ phuong trinh tuyén
tinh thuan nhat sau:



H¢é phuwrong trinh tuyén tinh 87

z, +2z, -3z, =0
20, vz, + 2, =0 (%)

3z, + 3z, —2x, =0
Giai:
Bién dbi twong dwong ta co

x, + 2z, — 3z, =0

x, +2x, — 3z, =0
M -3z, +7z, =0 &

-3z, + Tz, =0
-3z, + 7z, =0

Viy nghiém tong quét ctia hé 1a (—g 333%%, xgj

Suy ra h¢ nghiém co ban cta h¢ 1a {(—g,%,lj}

BAI TAP

Bai 3.1: Giai cac hé phuong trinh sau day:

Il
—_

x +2y 43z = -1 x -y +2z

Il
—_

a)sx +y 4z = 1; b)<2x +y +2z

I
—_

x +4y 49z = 9 x =3y +4z
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-x +3y -3z

11 X —2x,+x,+2x, =1

¢)<4x -5y -z 5; d)y x+x,—x+x,=2

3x +2y 43z = 15 X +7x,-5x,—x,=0

Bai 3.2: Giai va bién luan cac hé phuong trinh sau:
x +y 3z =1

a){2x +y 4+mz = 3

x +my 43z =

2x -y 43z = 1
b)sx +y 4z = 2m
=3y = m
mx +y +z = 1
¢y x +my +z = m
x 4y +mz = m
X +y +(l-m)z = m+2
d)<d+m)x -y +2z = 0
2x —my +3z = m+2
X, —2x, +x; +2x, = 1
e)x, +x, -—x; +x, = m
x +7x, -5x;, -x, = 4m

Bai 3.3: Tim diéu kién ciia tham s6 m dé cac hé phuong trinh
sau day co nghiém:
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mx +y +z = m
a)<2x +(1+my +(l+m)z = m-1
X +y +mz = 1
2+m)x 4+my +mz = 1
b) X +my +z = m
X +y 4mz = 1

Bai 3.4: Tim cac da thirc bac ba f(x) biét

a) f(1)=2; f(-1)=-4; f2)=8; f(-2)=-28 .

b) DO thi ham sé y = f(x) di qua cac diém:
(1,4); (3,32); (-3,-4); (2,11).

2 1 2
Bai 3.5: Chomatran A=| 3 2 6. Tim ma tran nghich
-1 1 7

d4o ctia ma trn A rdi ap dung két qua do6 giai cac hé phuong
trinh sau:

x Ry 2z = 1 2x By -z =1
a) 12x +3y 46z = 1 b); x 2y 4z = 1

X -y +7z = m 2Xx +0y +7z = m

-8 45y 2z = 1 20—y +22 =1
¢)27x —l6y +6z = 1 d){3x -2y +62z = 1

-5x 3y -z = m - =y 47z = m
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Bai 3.6: Tim hé nghiém co ban cta cac hé phuong trinh tuyén
tinh thuan nhat sau:

X, —3x,+4x,—x,=0

x=3y+ z=0
2x, +x,—2x,+2x, =0
a){4x+2y—-3z=0
3x,—2x,+2x,+x, =0
Sx—y-2z=0

x, +4x,—6x;+3x,=0
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Chuong 4
KHONG GIAN VECTO

Cac khai niém trong chuong ndy twong ddi triru twong, vi chung
téng quat hoa cac khai niém ma sinh vién da biét trong chuong
trinh toan pho thong trung hoc.

Trong chuong trinh phd thong, sinh vién di gip khai niém vécto
trong mat phang Oxy, trong khong gian Oxyz, vécto lyc torng vat
1y, ... voi cac phép toan cong hai vécto va nhan mot sé voi mot
vécto. Tuy nhién, ta c6 thé thdy mot sb tap hop khac cling c6 céac
phép toan nay, chang han nhu tap cac da thirc, tp cac ma tran, ...
Dé nghién ctru ching theo mot quan diém théng nhét, nguoi ta goi
chung cac tap hop co6 dac tinh nhu trén 1a khong gian vécto, tir do,
mdi tap hop chi 1a mot trudng hop dic biét ma thoi.

4.1. Pinh nghia khong gian vécto

Xét tap V == &, mdi phan tir cia V' goi 1a mot vécto, va
tap s6 thuc R.

Gia su trong V ta dinh nghia dugc hai phép toan: phép

cong 2 vécto va phép nhan mot vécto vdi mot s thuc

0 Phép cong 2 vécto x,y € V, ky hitu z + y, 1a mot
vécto.

0 Phép nhan mét vécto £ € V va mot s thue k, ky hiéu 1a
kx, cling 1a mdt vécto.

Néu 2 phép toan trén thoa man 10 yéu cau sau thi V' dugc
goi 1a mot khong gian vécto trén R.

D.Nuz,ye Vthiz+yeV
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2).Néuz €V vakeR thikz € V
3).VzeVvavyeVith z4+y=y+x
H.Vx,y z €V thixHy+tz)=(x+y)+z
5).30€ V sao cho Vxey € V thi x+0=0+x=x.
Phan tir © goi 1a phin tir trung hoa.
6). Vxey € V thi I(-x)ey € V sao cho
x+(-x)=(-x)+x=0.
(-x) goi 1a phin tir ddi ctia x.
7). Vke R vaVvx,yey € V thi k(x+y)=kx+ky
8). Vk,le R vavxey € V tadéu cé (k+l)x=kx+lx
9). Vk,le R vaVvxey € V taco k(Ix)=(kl)x
10). 1.x=x
10 }/éu ?ﬁu trén goi 1a 10 tién d?a cua khf){lg gian vécto trong
d6 2 yéu cau dau tién con g(_)irlé yéu cau (tién de) “dong kin” voi 2
phép toan cong va nhan véi so.

4.2. Mot s6 khong gian vécto thwong gip

4.2.1. Khong gian R"
Goi R" 1a tap ma mdi phan tir 1a mot bo n sé thue c6 thi

tu (Qll,ZL’Q,...,a?n).

Xét2 phantir z,y € R" vé6i

x=(m1,:ﬁ2,...,xn); y:(y17y27"'7yn)'
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Ta dinh nghia phép cdng va phép nhan nhu sau:
($+y):(x1+y171:2 +y27---7xn+yn) 4.1)

kx = (k:z:l,kxz,...,k:z:n) ,keR 4.2)

Kiém tra 10 tién dé ta thiy déu thoa méin voi phén tir trung
hoala 6=(0,0,...,0) va phan tir di

(—x)=(—x1,—x2,...,—xn) (4.3)
Vay R" 1a mot khong gian vécto.
Dé ¥: Hai phan tir trong R” bang nhau theo nghia: cac thanh phan
tuwong tng cta chung bang nhau, nghia 1a
(xl,xQ,...,xn) = (yl,yQ,...,yn) o, =y,Vi= 1,_n 4.4)

Vidu4.1 R?(vdihé truc toa dd vudng goc Décac) véi cac phép
toan da bi€t ¢ chuong trinh pho thong trung hoc 1a mot khong gian
vécto.

4.2.2. Khong gian P [z]

Goi tap P, [z] la tap cac da thuc bién x co béc khong qué n.
Trén P [z] x&c dinh phép cOng hai da thic va nhan da thirc véi
mdt s6 1 phép cong va nhan thong thudng:

n

i ax' + i br' =Y (a,+0,)z"; (4.5)
pary i=0

1=0

ai az = i aaz’ (4.6)
1=0 1=0



96 Khong gian vécto

P [z] v61 phép cong va nhan voi s6 nhu trén tao thanh
khong gian vécto.
D¢ v, hai da thic bang nhau theo nghia “dong nhét hé s6”

(day chinh 1 khai niém “hé s6 bat dinh” ma ta timg biét), nghia 13

iaixi = ibixi &Sa,=b,Yi=0n (4.7)
=0 =0

4.2.3. Khong gian M;.,(R )
Ky hi€u My, « o( R ) 1a tdp cac ma tradn c& (mxn) voi cac
phan tr thuc.

Trén My, « o(R ) ta dinh nghia phép cong hai ma tran va
nhan ma trdn véi s6 thong thuong (dd dinh nghia trong ndi dung
phép todn ma tran 2.3).

Tap Mmxn(R ) véi phép cong va nhan d6 tao thanh khong
gian vécto.

Luwu y: Trong tai liéu ndy, tir nay ta ngim hiéu cac diéu sau:

O Déi voi cac khong gian trén, khi khong ndi 16 phép toan

thi ngam hi€u la cac phép toan da dinh nghia & trén.

0 Khi dé cap dén mot khong gian vécto, ta ngam hiéu trén

d6 d trang bi hai phép toan “+” va «.”

4.3. Cac tinh chit ciia khong gian vécto
Khéng gian vécto co cac tinh chét sau:

1. Phén trung hoa 6 1a duy nhat
2.Vz € V, phan tir 6i (-x) 1 duy nhét
3.vx € V,tadéuco0.x=0
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4.¥vz €V, tadéucod (-1)x=(-x)
5.vke R, ta déu c6 k. 6=0
6. Néu k.x=0 thi hodc k=0 hoic 1a x=0

4.4. Khong gian con

Cho khong gian vécto V cung 2 phép toan cong va nhan.
W 14 mot tap con khac rong cia V. Néu W cung vé6i hai phép toan
thira huéng tr V' cling 14p thanh khong gian vécto thi ta noéi W la
khéng gian vécto con (goi tdt la khéng gian con) cia khéng gian
vécto 'V .
Vidu 4.2 Xét hé phuong trinh tuyén tinh thuan nhat m phwong

trinh, n 4n so viét & dang ma train Ax = 6 véi
T
1

Ly

X

Goi W 1a tap nghiém cuia hé. Nghia la:
W = {u = [al,%,...,a"]T /Au = 9}

C6 thé kiém tra dugc W ciing 12 mot khong gian vécto véi cac
phép toan thong thuong trong R" .

Vay tap nghiém hé phuong trinh thuan nhat 1a khong gian
vécto (goi 1a khdng gian vécto con cua khong gian vécto R™).

Chang han, W = {(xl,xz,x3) cR/z +z,= O} la mot khong

gian con cia R’
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Téng quat, ta co diéu kién can va da dé mot tap con cua mat
khong gian vécto l1a khong gian con qua dinh ly sau.

Pinh ly: Cho V la mot khong gian vécto va W la mot tdp con

khdc rong ciia V. Khi dé W ciing véi hai phép todn “+” va “.”

cam sinh tw V' la mot khong gian vécto khi va chi khi

(i) x+yeWVe,yeW (4.8)
(ii) kx € W .Vx € W,Vk € R (4.9)

Nhan xét: vay, di¢u kién can va du dé mdt tap con la khong gian
con la n6 dong kin do61 vo1 phép cong hai vécto va phép nhan mot
sO vo1 mot vécto.

Vidu 4.3 Ching to W = {(z,,3,,2,) € R* /2, = 2, } 1a mét
khong gian con cia R’
Giai:
Thiy ngay W # @ vi (0,0,0) e W
Léy hai vécto batky = = (7,75, 7).y = (Y1, Yor Y5 ) € W
tacod z, =2z, (a), y, =2y, ()

Xét z+y= (2 +y,2 + 2, +y,;),taco

(a)(b)
Tty = 2332 +2y2 = 2(332 +y2)
Nénz+yeW (1)
Ly vécto batky z = (z,,7,,2,) e W vasdthuctiy y k e R

Xét kx = (kz,, kz,, kz,) ta co

(ke,) 2 (k(22,)) = 2 (s, )
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nén kz e W (2)
Tu (1) va (2) suy ra W 1a mot khong gian con ciia R? .
4.5. Sy doc lap tuyén tinh va phu thudc tuyén tinh ciia
h¢ vécto
4.5.1. To hop tuyén tinh
V la mét khong gian vécto, S = {u,, u,,...,u, } la mét hé

gom n vécto ciia V. Vécto

v=ocu +cu, +..+cu, ¢ el (i=12..,n)  (4.10)

goi la mét 16 hop tuyén tinh ciia hé S.

Vi du 4. 4 Trong khong gian R?, vécto v=(7,-1) 1a t& hop tuyén
tinh ctia hai vécto u;=(2,1) va u,=(1,-1) vi

2u, +3u, = (4,2)+(3,-3) =

Vidu 4.5 Vécto v = (7,—3,0) € R* c6 phai la t6 hop tuyén tinh
cua hé 2 vécto

u, = (1,1,0); u, = (1,—1,0)
khong?
Gidi:
v 14 t6 hop tuyén tinh ctia u,,u,

< dej,c, eRiv=cu, +c,u,
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cu, +cu, =v < ¢ (L,1,0)+¢ (,—1,0)=(7,-3,0)
& (¢ + 6,0 —6,0) = (7,-3,0)

Theo dinh nghia 2 vécto bang nhau trong R* ta c6

c,tec, =7 P
01—02:—3<:>C_
0=0 2

Vay v = 2u, + 5u,, nghia 1a v 14 t6 hop tuyén tinh cta hé hai

vecto u, u, .

Vidu 4. 6 Vécto v = (0,0,1) khong phai t6 hop tuyén tinh ctia
h¢ hai vécto u; = (1,1,0) va u,=(1,-1,0).

¢, +c,=0
That vay, giai h¢ y¢, — ¢, = 0 ta khong tim duoc ¢, ¢, théa man
0=1
yéu cau 0 = 1.
Dinh nghia:

Néu vécto v la té6 hop tuyén tinh cia hé gom n vécto

Uy, Uy,...y U, thi ta noi v biéu dién tuyén tinh (hay biéu thi

tuyén tinh) diroc qua hé vécto Upy Ugyenny Uy .
T cac vi du trén ta théy viée xét mot vécto cho trude co 1a td

hop tuyén tinh ciia mot hé vécto cho trude trong khong gian R”
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chinh 13 viéc xét xem mot hé phuong trinh tuyén tinh c6 nghiém
hay khong. Vay ta c6 dinh ly trong R" nhu sau:

Pinh ly:

Trong R", gia sur S la hé cac vécto:
up = (aps, ap, ..., ain)
U = (agj, ajzy, ...... B agn)
Um = (Ami, A2, oee.e, Amn)

va  u=(by bs...., by

Dat
all 021 ....... aml bl
Z: a12 a22 ....... am2 b2
aln azn ....... Amn b}’l
A
Khi do:
u la t6 hop tuyén tinh ciia uy, us,........., Uy <r(d) = r(Z) (4.11)

Ghi chi: Céc cot cia A duge 1ap tir cac thanh phﬁn cua cac vécto

U

Vi du 4. 7 Xét lai vi du 4.5: Vécto v = (7,—3,0) € R® co phii la
t6 hop tuyén tinh cua hé 2 vécto
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u, = (1,1,0); u, = (1,—1,0)

khong?

Ta xét ma tran

1 1 7
A=11 -1 -3
0 0 0

Thay ngay r(4) = r( A ). Vay v 1a t6 hop tuyén tinh cta Uy, Uy

4.5.2. Poc lap tuyén tinh va phu thudc tuyén tinh
Cho V 1a mgt khong gian vécto va

Sz{ul,%,...,un}

la mot h¢ cac vécto trong V.

Dinh nghia
0 Néu ding thire
U, +cu, +...+cu, =0
chi xay ra khi ¢, = ¢, = ... = c, = 0 thi ta noéi hé S djc

ldp tuyén tinh.
0 Néu ding thire
U, +cu, +...+cu, =0

n-n

xay ra voi it nhat mét hé sé c¢;#0 thi ta néi hé S phu thuoc
tuyén tinh.

Vi du 4. 8 Xét xem hé 2 vécto u, = (1,2); u, = (1,1) trong
khong gian R? doc lap hay phu thudc tuyén tinh?
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Giai:
Xét dang thirc vécto c,u, + c,u, = 0 (¥)
Ta thay
¢ +e¢ =0

()& (a2a)+Hee) =00, g

Giai hé ta dugc nghi¢m duy nhét ¢;=c, =0.

Vay hé 2 vécto da cho 1a hé doc lap tuyén tinh. [J
Vi dy 4. 9 H¢ 2 vécto {(3,-6),(-2,4)} trong R 1a hé phu thudc
tuyén tinh vi dang thirc

¢ (3,—6)+ ¢, (—2,4) = (0,0)

3¢, —2¢, =0

va hé nay co it
—b¢, +4c, =0 P

tuong duong h¢ phuong trinh

nhat mot nghiém khong tam thuong 1a (2,3). Nghia 14 ta c6:
(an) = 2(3a_6) + 3(_ 2a4)

Tém lai, dé xét tinh doc ldp hay phu thudc tuyén tinh cua hé
S={u;}). Ta xét ding thirc Za,.ul. =0, dang thire nay twong dwong
hé phirong trinh tuyén tinh thuan nhat véi cdc an la o Néu hé c6
nghiém khong tam thiong thi hé S phu thudc tuyén tinh, néu hé chi
c6 nghiém tam thuwong thi hé S déc ldp tuyén tinh.



104 Khong gian vécto

Cic tinh chat

Tinh chit 1: Néu h¢ S = {u,,u,,...,u, } déc lap tuyén tinh thi
moi hé con cua no cing doc lap tuyén tinh.

Tinh chét 2: Moi hé vécto S c6 chira mét hé con phu thuoc tuyén
tinh thi hé S ciing phu thugc tuyén tinh.

Tinh chit 3: H¢ vécto S = {u,, Uy,...,u, } phu thuéc tuyén tinh

khi va chi khi ton tai it nhdt mét vécto u; la t6 hop tuyén tinh ciia
hé (n-1) vécto con lai trong S.

4.6. Hang cia h¢ vécto
Cho hé n vécto S = {ul,uz,..., un} trong khong gian vécto V.

4.6.1. Dinh nghia
Hang cua hé S ky hiéu la r(S) duoc dinh nghia la 56 vécto
doc ldp tuyen tinh cuc dai trong S.
Nghia 12 néu r(S)=r thi:
0 Tropg S ¢6 thé tim duoc hé con gém r vécto doc lap
tuyén tinh.
0 Néu hé vécto con caa S chﬁ:a nhiéu hon r vécto thi hé
vécto con do phu thude tuyen tinh.

Vi du 4. 10 Trong khong gian vécto R?, hé
{ul = (1,2,—1),712 = <_57171)7u3 = (77 37_3)}

c6 hang la 2. Vi dé dang kiém tra dugc u,,u, doc lap tuyén tinh,

con {u,, u,,u, } phu thudc tuyen tinh vi u, = 2u, — u,.
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4.6.2. Dinh ly trong khéng gian vécto R"
Trong khong gian R" cho hé S gdm m vécto:

u; = (@, 0595--50,,) , (1 =1,2,...,m)

a’ll a’12 te a’l n
. . Ay Ay ay, o
Liap matran A = , duoc goi la ma
a’ml 0’777,2 a‘nm

tran cua hé S.
Pinh ly:

Hang cia hé vécto trong khong gian R" bang hang cia
ma tran cua hé do:

r(S)=r(A) (4.12)
Tu d6 suy ra

O Néu r(A)=m = s6 vécto trong hé thi hé S déc ldp tuyén
tinh.

0 Néu r(4)=r(S)=r<m thi trong S c¢6 h¢ con r vécto doc
lap tuyen tinh con tdt ca hé con gom (r+1), (r+2), ..
vécto déu phy thudc tuyén tinh.

Vidu 4. 11 Trong R* cho hé S gbém 4 vécto
= (1,-1,2,1); u, = (-2,2,-4,-2) ;
uy = (2,1,2,2); u, = (1,2,0,1)
Tim 1r(S)
Giai:
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Lap ma tran A ctua hé 1oi tinh hang, ta co:

112 1 112 1 1121
h2=h2+2h1

L2 i, P00 o3 20

12 01 2 2 0320 100 00

1 2 0 1 00 00 00 00

Vay r(S)=r(A)=2 [J
Trong vi du trén, ta chi co thé lfiy tdi da 2 vécto doc lap
tuyén tinh trong S, ching han, c6 thé lay {ul, u3} . Céc hé con bt
ky ctia S chira 3 hodc 4 vécto déu 1a hé phu thudc tuyén tinh.

4.7. Co so
Hé vécto B = {ul,uw...,un} goi 1a dwoc sap néu ta co

quan tam dén tht ty cua cac vécto trong h¢, néu d6i tha tu cac
vécto trong h¢ thi ta duoc mdt hé vécto khac.

Vidu 4. 12 Hé vécto {u,,u,,u, } khac voi hé vécto {u,, u;,u, }
4.7.1. Pinh nghia: Hé duwoc sdp cdc vécto
B = {ul,UQ,...,un}

diroc goi la co sé ciia khong gian vécto' V néu théa 3 diéu sau:

(. u eV,Vi=ln
(ii). B déc ldp tuyén tinh.
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(iii). YveV, v la té6 hop tuyén tinh cia cdc vécto
trong hé B, nghia la Iluon tim dwoc cdc
a, eRi=1Ln dé cho

V= oclul +OLZU2 + 0 U

n-n

Ghi chu:

O

O

Néu B thoa diéu kién (iii) thi ta con noi B sinh ra V va viét
1a
V=<B>, hay V=Span(B) (4.13)

con B goi la td@p sinh cua V.

Gia st V 1a khong gian vécto va B 1a mot hé vécto trong V.
Nguoi ta ching minh dugc ring tdp W=<B>=Span(B)
cling 1a mdt khong gian vécto voi cac phép toan cong va
nhan dinh nghia trong V. Liac nay ta n6i W la khong gian
con sinh boi hé vécto B.

Tu day vé sau khi n6i dén co sé thi ta hiéu do 1a co s& duoc
sap.

Vidu 4. 13 H¢ vécto

fe, = (1,0,0), ¢, = (0,1,0), e, = (0,0,1)}

14 mot co s¢ cia khong gian R* vi hé nay thoa (i) va (ii), dong

thoi

_ 3 _
Vr = (xl,xng) eR", z=xze +1e, +u0,

{e, =(1,0,0), ¢, = (0,1,0), e, = (0,0,1) } con goi 1a co s&

chinh tic cia R3.
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Vi du 4. 14 Khong gian P, [2] cé mét co s 1a {1,z,2%,....2" }

g0i 14 co s chinh tic ctia P, [z]. Vi ¢6 thé kiém tra duoc ngay 1a
{1, T, 2, ...,x”} doc lap tuyén tinh va moi da thiic trong P, [z] déu

14 t& hop tuyén tinh cua {1, 7,70, :1:”} vi chiing c6 dang
p@ = ay, +a,x + a,x’ +--+a,z"

4.7.2. Tinh chit cia co s&, s6 chiéu
Tinh chit 1: Moi co sé ciia mét khéng gian vécto V déu c6 s6
vécto bang nhau va bdang mét so khong doi dwoe goi la sé chiéu
ciia khong gian 'V , ky hiéu dim V.

Néu dimV = n  hitu han thi ta néi khéng gian V la
hitu han chiéu. Neu V' ¢6 mét tap gé‘m Vo s6 vécto dbc lap tuyén

tinh thi ta n6i V' la khéng gian vécto vé han chiéu.

Ghi chu: Trong chuong trinh, ta chi xét cac khong gian hiru han
chiéu.

Vidu 4. 15

O Vi R* ¢6 mot co s gom 3 vécto nén dim( R *)=3.

Tong quat R" 1a khong gian n chi€u, tuc la
dimR" =n

0 {6} 1a khong gian ¢6 s6 chiéu 1a 0 ({6} 1a khong gian con
tam thuong cua khong gian vécto V, n6 chi gom mot
phan tir 1a phan tu trung hoa cua V).

OVi P, [z] cbcosd gom n + 1 nén

dmP [z]=n +1
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Tinh chit 2: Néu B = {ul,UQ,...,un} la mot co so cua khong
gian V thi moi vécto veY , v chi cé mét cdch biéu thi tuyén tinh
duy nhdt qua B. Nghia la ton tai duy nhdt bé n sé thuc oy, o, ...,
a, sao cho v = Zaiui . Va nguoc lai, néu méi vécto v eV, v
=1

chi ¢6 duy nhdt mot cach biéu thi tuyén tinh qua hé vécto B nao dé
thi B la co s¢ ciia khong gian 'V .

Tinh chét 3: Cho khong gian V ¢6 sé chiéu la n va S la mot hé
vécto cia V. Khi d6: Néu S cé nhiéu hon n vécto thi S la hé phu
thugc tuyén tinh, néu S co it hon n vécto thi S khong thé la hé sinh
ra V.

Chéng han, moi hé gém 4 vécto trong khong gian R’ déu
1a hé phy thudc tuyén tinh vi dim R® = 3 (néu hé 4 vécto nay la
co sé ciia R? thi dim R’ =3, vd 1y).

Tinh chit 4: Cho khong gian V ¢6 s6 chiéu la n va S la mot hé
vécto ciia V . Khi d6: Néu S cé diing n vécto thi S la mot co sé ciia
V' khi va chi khi S déc ldp tuyén tinh.

Vidu 4. 16 H¢

B = {ul = (L,1,2),u, = (,—1,0),uy = (2,0,1)}

1 NPT
c6 1a co so cua R khong?
Giai:

; Ay gn RN G A A , 3
Theo tinh chat trén thi: vi s0 vécto trong B va so chiéu cia R

bang nhau nén B 14 co s cua R* < B doc 1ap tuyén tinh.
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1 1 2
Xétl] -1 0|=—-14+04+04+4-0-1=2=0
2 0 1

Suy ra B doc 1ap tuyén tinh = B 1a co s6 ciia R”

Tinh chit 5: Cho {u,,u,,...,u,} la mot hé vécto cia V. Néu
hang cia hé bang r va W la khéng gian con sinh ra boi hé:
{ul,UQ,...,um} thi dimW=r. Noi cach khdc, sé chiéu khéng gian

con bang hang cua hé vécto sinh ra khong gian con do.

4.8. Toa dd - Ma tran chuyén co sé

4.8.1. Toa do
Cho B = {u,,u,,...,u, } 14 mdt co s cua khong gian V' va

v 1a mot vécto cia V . Theo tinh chét 2, vécto v chi cé duy nhét mot
cach biéu thi tuyén tinh qua B:

v=ou + o, + .ot au,, o €R

Pinh nghia:
Cc s6 Oy, Qly,...,(, goi la cac toa do cua UV doi véi co s6 B.

, n N A
Vécto (V)p = (Oél, 042,...,@“> trong R" goi la vécto toa dp

ciia U doi véi co so B.
&

Vécto cot (Vg = | ... | goi la ma tran toa do cua vécto v trong

n

co so B.
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Vay ta co:
al
[vIg=|...| ® Vv =ou +o,u, +...+a,u,
O[n
hay
(VB = (al,a2,...,an) S V=gl + Ol F . QU

Vi du 4. 17 Trong khong gian R” cho co s&
B={y, =(0,1), u, = (L,1)}
Vécto v = (2,3) c6 thé biéu dién qua co s& B nhu sau
v=1lwu + 2.y,

1
Vay toa dg ciia v trong co so¢ Bla [v]p = 9|

4.8.2. Ma trin chuyén co s¢
Bay gio ta tim hiéu mdi lién hé giita toa d6 ctia cing mot
vécto u trong 2 co s B va E.
Gia st trong khong gian vécto V' cho 2 co s6:
B = {u,uy,...,u, | va E ={v,0,,...,0,}.

Biéu dién cac vécto v, 1,,...,v, qua co so B:
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UV, = QU+ G Uy + . AU,
Uy = QU + Aoty + ...+ a, U,
v, = a,U + ay,U, +...+a,u,

lfiy cac hé sd biéu dién trén cac hang viét thanh cot, ta lap duogc
mot ma trdn vudng goi 13 ma triin chuyén co sé tir B sang E va ky
higula P, .

(a, @, ... a,
L N
PBHE_
a, ., .. @,
Khi do
[ulp = Py p.[ulp (4.14)

Théy ngay cot thir j ciia ma tran P, ;; chinh la ma

tran toa do [vj ]B nén ta co thé viét

Py =0, [0y - 0], (4.15)

Vi du 4. 18 Trong R* cho 2 co s6 B={e, = (1,0),e, = (0,1)}
va E:{U] = (171)7 Uy = (25 _3)}

Taco v, =1e +1e, va v, = 2e, - 3e,

vay ma tran chuyén co so¢ tr B sang E la:
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1 2
) 2 —
B—E 1 _3
Nguoc lai, cac vécto trong B ¢co thé biéu dién qua co s¢ E nhu
3 1 2 1 . . 2 .
sau: e, = —v, + gvz, €, =—1v — 302 , vy ma tran chuyén co s&
tur E sang B la:
3 2
5 5
J 2 —
E—B 1 1
5) 5)

C6 thé kiém tra va thdy ngay Py, = P, ;.
Vidu4.19
Trong R? cho 2 co s&

B={e, = (1,0),e, = (0,1)} va E={v, = (1,1), v, = (2,1)}. Theo
cac vi du trén, ta tim duogc

1 2

PB—>E = 1 1
’ 3 5
Néu cho u = (3,4) thitaco [ulp = 4 ylulp = _q

C6 thé kiém tra duoc ngay
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1 2
11

)
—1

PBHE'[U]E - - [U]B

4.8.3. Cac tinh chit ciia ma tran chuyén co sé
Tinh chit 1: Véi 2 co sé B va E cho truée thi chi ¢é duy nhdt mét
ma trdn chuyén co sé tir B sang E.

(Do tinh duy nhat cua toa dd ctua vécto doi voi mot co sé)

Tinh chét 2: Ma trdn chuyén co sé tir B sang E: P, .. kha nghich

va nghich dao cua ma trgn P, , la ma trdn chuyén co sé tir E
-1
sang B: [P, ] =P, ,

Vi E la co sé nén ma tran chuyén tir B sang E kha nghich. Tur
Wl = Py lulp = [ulyg = P, ,.[ulp nén

-1

[Poe] = Pos (4.16)
Vi du 4. 20 Cho ma trin chuyén co sé tir B sang E 1a
1 2
PBHE = 1 1

Khi d6 ma tran chuyén co so tir E sang B 1a

-1

1 2
11

-1 2

PE—»B = 1 _1

Tinh chat 3: Neu trong V co 3 co so B, E, F vdi cac ma trdgn
chuyén co sola Py .3 Py .3 P, . thitaco
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P

B—F

=P

B—FE

P,

E—F

4.9. Khong gian Euclide

4.9.1. Tich v6 hudéng
Cho V 1a khong gian vécto.

Dinh nghia

Tich vé hudng trong khong gian vécto YV la mét qui ludt
cho twong vmg 2 vécto u,v cia V véi mét so thwe duy nhat o, ky

hiéu < > = «v, théa man 4 tién dé:
(

1 (u,v) = (v,u), Vu,v € V
2. (u+vw) = (uw) +(v,w) Yu,v,weV
3. (ku,v) = k(u,v) ,Yu €V, Vk € R

4. Yu € V(u,u) >0 vi{u,u)y=0< u=29

Dinh nghia
Mot khéng gian vécto V' hitu han chiéu ma trén dé cé tich
vo huong thi dwoc goi la khong gian Euclide.

Néu khong gian vécto vo han chiéu va trén d6 co dinh
nghia tich vo hudng thi ta c6 khai ni¢m “Khong gian cé tich vé
hwéng”

Vi du 4. 21 Trong R", dit tich vd huéng nhu sau:
Néu u = (2, 2ysees 2, ) VA U = (Y}, Yoy, ) € R" thi
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<u’ U> =T+ Yy + e+ LY,
Tich v6 huéng do goi la tich vo huwéng Euclide.

Kiém tra 4 tién dé ta thay tich v hudng nay théa mén. Do d6
khong gian R" véi tich vo hudng trén 14p thanh mot khong gian
Euclide. [

Ghi chii: Trong R", néu khong néi rd tich vo huéng ta ngam hiéu
1a tich vo hudng Euclide.
4.9.2. Do dai vécto
Dinh nghia
Cho V Ia khéng gian Euclide. Ung véi méi vécto ue V
c6 mét sé khong am xac dinh boi cong thuece |lull = (u, u> goi la
do dai vécto U .
Vi du 4. 22 Trong R” vdi tich v hudng Euclide, tmg v6i mdi
vécto u = (z,y) c6 do dai twong Gng 1a |lull = Jzt + y2 [
Cic tinh chit ciia d9 dai
a.vueV thilul >0, lul=0&= u=2~0
b. |kul| = |k|Ilull Yu € V vavéimoi k eR
c. Bat dang thirc Cauchy-Schward:
(u, )| <lulllvl, ¥ u,0 eV
d. Bt dang thirc tam giac:
lu + vl < llull + vl
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4.9.3. Su truc giao
Ta tong quat hoa khai niém vécto vudng goc trong chuong
trinh pho thong bang khai niém truc giao nhu sau.

Vécto true giao
Dinh nghia
Hai vécto u,v goi la triec giao véi nhau néu chiing théa
(u,v) =0, ky hiéu uw L v.
Vi du 4. 23 Trong R? véi tich v huéng Euclide cho
u=(2-1), v=(2,4)
Khi do
(u,v) =2x2+(-1)x4=0

Vay u, v 1a hai vécto truc giao nhau.

Nhin xét: Co thé thdy ring vécto 0 truc giao véi moi vécto.
Hg¢ vécto true giao

[0 Hé vécto S = {ul,u2,...,un}duqc goi 1a hé vécto

tryc giao néu Vi = j ta déu c6

<u7;,uj> =0.

[0 Co s6 E cua khong gian vécto V' goi la co sé true
giao ncu cac vécto cua co so E 1ap nén hé vécto
truc giao.
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Vi du 4. 24 Trong khong gian R* c6 cos¢ E = {617 €,, 63} vGi
e, = (1,0,0); e, =(0,1,0); e; = (0,0,1) la co s& truc giao.
Ngoai ra trong khong gian R* ¢6 thé c6 nhiéu co so truc giao
khac nhu co s& B = {u,, u,, u, } véi
u = (1,1,2); u, = (1,1,-1); u, = (-1,1,0)

vi <wup,u, >=0; <wuj,u, >=0; <uy,u, >=0.0

4.10. Co sé trwc chuén

Pinh nghia: H¢ vécto truc giao trong do moi vécto co do
dai bang 1 goi la hé vécto truc chudn.

Vi du 4. 25 Trong R?, hé vécto

S:{ulz

1a hé truc chuan.

%7_%,0],% = [%%%”

Pinh nghia: Néu hé vécto truc chuin B 14 co sd ctia khong
gian V thi B duoc goi 1a co sé truc chuan cua V.

Vi du 4. 26 Trong khong gian R* ¢6 co sé chinh tic
E ={ee,,e,} voi e, = (1,0,0); e, = (0,1,0); e, = (0,0,1). Day

ciing laco sé truc chuin coa R°. O

Cic tinh chit
0 Néu S = {ul,uz,...,un} la hé cac vécto tryc giao khong
chira vécto 0 thi hé S 1a doc lap tuyén tinh.
0 Néu S = {ul,u2, U,
1ap tuyén tinh.

} la hé vécto truc chuén thi S doc
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0 Hévécto S = {u,u,,...,u, } truc giao thi ta co

2

lay +uy + oo || = ]+ + -+

un

0 Néu B vaE 1 2 co s6 tryc chuan trong V va P, , 1a ma
tran chuyén co so tir B sang E thi

[PBHE]T = [PBHE]_l = PEHB

Ma tran kha nghich co tinh chat : PT = P! goi la ma
trdn truc giao.

O Néu v#0 tryc giao véi cac vécto wu,u,,...,u, thi
v & Span(u,, Uy, ...,u, ).

) n

Pinh Iy: Néu B = (u,,u,,...,u,) la mét co s¢ truc chudn
cua khéng gian Euclide YV thi Vv €'V

v = <v,u1>u1 +<v,u2>u2 + - +<v,un>un

Nghia 14 ta c¢6 thé dé dang suy ra toa d6 ciia mot vécto bat ky
thong qua tich vé hudng.

Vi du 4. 27 Trong R?, tim toa d6 ciia u = (1,2,3) dbi v6i co s&
g _[i_io] _[iii] _[ii_i]
S o RN Ry i W RN VY R WA RN

Giai:

Thay ngay B la co s& truc chuan cia R® nén toa do cua u
trong co so B 1a
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Sy ton tai co s& truc chuan trong khong gian Euclide duoc cho
bdi dinh 1y sau:

Pinh Iy: Moi khong gian Euclide khac {0} déu ton tai it

nhat mot co so truc chuan.

Truec giao hoa — Truc chuén héa
DPinh ly
Trong khong gian Euclide V, néu S = {ul,u2,...,um} la

hé vecto doc lap tuyén tinh thi ta luén cé thé tim dwoc hé vécto

truc giao S' = {1)1,’02,...,1)m} sao cho véi moi k<sin thi khong
gian con do cac vécto {UDUQ?'”Uk} sinh ra luon trung voi khong
gian con do cdc vécto {ul, Us, uk} sinh ra.

Phwong phap Gram-Schmidt (Trwe giao hoa)
Tir hé gdbm m vécto doc lap tuyén tinh
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S = {u, Uy, s,

Gram-Schmidt cho phuong phép timhé S' = {Ul, Uyyoens Um} truc

giao thoa man dinh 1y trén nhu sau:

bat v, = u;
. <“2’7’1>
Uy = Uy U
<vl,vl>
(uy,v,) (uy,0,)
_ 37 71 39 Y2
Uy = Uy — v — Uy
<U1>U1> <U2>7)2>
(u,,v,) (u,,,v,) (u,,v,)
_ m? 1 m? 72 m? “m
v, = U, — v, — Uy — oo — U

m
<Um ) Um >

Truc chuan hoa

Sau khi tryc giao hoa theo phuong phdp Gram-Schmidt, ta
c6 thé chuan hoa cac vécto dé duoc hé truc chuan:

vl, _UQ, U’m

N ram—
[o..|

Hé qua: Neu {UI,UQ,...UN} la mot co so bat ky cua khong gian

Euclide V' thi tir né ta cé thé xay dung mot hé co so truc chudn

cua V.

Vi du 4. 28 Trong R * cho co s& gdm céc vécto
u, = (0,1,-1), u, = (-1,2,0), uy = (2,1,1)
Hay tryc chudn hod co s& do.
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Giai:
Truc giao hoa theo phuong phap Gram-Schmidt, 1ay
v, =u, = (0,1,—1);

o =(=1,2,0) —%(0, L—1) = (=1,1,1)

—

1”277}1>

v1av1>

v2:u2_<

U = Uz — <U3,U1> v = <U3,Ug> v, =(2,1,1)

Ta c6 hé co s¢ truc giao
V]=(0,1,-1); V2=(_17151); V3=(2,1,1)
Truc chuén hoa: ta c6

ol = VO +2° + (1) =25 = V3 | = V6

Hé co s& truc chuan la:

== @Dy 1]
Y IR QN RN
LY _(-LL1) [—1 1 1]
S P NG ERNERNE]

v (2,1,1) 2 1 1
e, = —— = = —, [
S N I R W RN N

Vi du 4. 29

Hiy tim mdt co s truc chuin ciia khong gian con ctia R? sau
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W= {(%7%7%) cR /2 ==, +2x3}
Giai:
Thay ngay W ¢6 mét co sé 1a

B= {ul = (1,1,0),u, = (2,0,1)}

Ap dung qua trinh tric chuan hoa di v6i B

bat v, = v,

Mv:201—2110:1—11
= (200 - S0 = (L)

Chudn ho4, ta dugc co sé truc chuin cia W 1a
1 1 1 1 1
B/ = u, = —’—’0]’1/ = [_’__’_
{ I NG RN A B W RN A
Nhin xét: Qua trinh tryc giao hoa trong vi du trén c6 thé bod

qua néu ta “cd vy’ chon dugc mdt co sé truc giao cho W. Chéng
han, thay vi chon co s& B nhu trong vi du trén, ta co thé chon

B= {(1, 1,0),(—1, 1,—1)}. Khi d6 chi can truc chuin hoa bing

Uy = Uy —

cach dem cac vécto chia cho dd dai cuia chinh no.

00 Poc thém: Cac mit bic 2 chinh tic trong R®

Phén nay céc ban sinh vién theo ddi bai giang trén 16p, hodc xem tai li¢u

[1].
Mat Elipxoit

-Phuong trinh ctia mat Elipxoit:
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-Khi @ = b = ¢ = R thi mit Elipxoit tr& thinh mit cau

4y + 2 =R
Mat Hyperboloit

Mit Hyperboloit mot ting c6 phuong
2 2 2

L Y z
trinh; —2+———2—1

2
a b c

v

Mit Hyperboloit hai ting co

phuong trinh:
2 2 2
N
a b c

A

T

v
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Mat Paraboloit-Eliptic
2 2

oL Y
Phuong trinh: — + = =2

a b
Khi @ = b thi ta c6 Paraboloit
Eliptic tron xoay

|

\

v

Mat Paraboloit-Hyperbolic
(mat yén ngya)

Ty
Phuong trinh: — — = =2
a

b2
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Miit nén

2 2

Ph inh: 2 _ x_+y_
uong trinh: z° = a2 62

Khi a=b thi ta ¢ mat nén tron

Mit tru

Mot duong thang d (goi 1a duong sinh)
song song Oz di chuyén dwa vao mot
dudng cong (C) (goi 1a dudng chuan)
trong mit phang Oxy s& quét thanh mot
mat tru.
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Néu (C) 1a dudng tron x*+y*=R” trén
A Oxy:

v

Néu (C) 12 mot Parabol x=y* (trén Oxy):
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BAI TAP

Bai 4.1 Trong cac trudong hop sau day, xét xem W C R" ¢6 1a khong
gian vécto khong. (n > 3, xét phép toan thong thuong trong R ™).
aA)W=1{(x,Xz ..., Xp) € R"x;,>0 }
b)W={(xX|,Xp, ... Xp) € R™x; +2x,=x3 }
AOW={(x,Xp ., X)) € RUux;+x5+ ... +x,= 1}
M Trong E:éc truong hop sau ddy, hiy xac dinh tham s6 m dé vécto
x 12 t6 hgp tuyen tinh cua cac vécto u, v, w.
a) Trong R3:u=(2,4,2),v=(6, 8,7), w=(5,6,m),
x=(1,3,5).
b) Trong R*:u=(4,4,3),v=(7,2,1),w=(4,1,6),
x=(5,9,m).
c¢) Trong RS:u=(1, 3,2),v=(2,-1,1),w=(3,-4,3),
x = (1, m, 5).
d) Trong R*:u=(1,2,-3,2),v=(4,1,3,-2),
w=(16,9,1,-3),x=(m, 4, -7, 7).
Bai 4.3 Xét tinh doc 14p tuyén tinh, phu thudc tuyén tinh cua cac tap
vécto sau:
a)yM={(1,2,3),(3,6,7)} trong R*.
b)M = {(2,-3,m), (3,-2,5),(1,-4,3)} trong R’.
¢) M={ (4,-5,2, 6), (2,-2, 1, 3), (6,-3,3,9), (4, -1, 5, 6)} trong R".
Bai 4.4 Tim hang gﬁa cac hé vécto sau, tir d6 suy ra tinh doc 1ap tuyén
tinh, phu thudc tuyén tinh cta hé:
a)u =(1,2,-1),u,=(0,1,1),u3=(2, 3, -3) trong R*.
b)u=(1,2,-1),u=(1,1,-2),u3=(1, 1,2) trong R”.
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ou=(1,2,-1),wu=(1,1,-2),u;=(0, 3, 3),
us=(2,3,-3) trong R”.
d)uw=(1,-1,0,0),u,=(0, 1, -1, 0), u3 =(0, 0, 1, -1),
u=(-1,0,0, 1) trong R*.
Bai 4.5 Trong cic tip vécto sau , xét xem tip ndo 1a co so cua R?.
ayM={u=(1,2,1),u,=(,7,5)}
byM={u=(1,2,3), u,=(1,1,1), u3=(3,4,2),
w=(7,2,1)}
oM={u=(1,2,3), u,=(2,3,4), u;=(3,4,5) }
dM={u=(1,1,2), u,=(1,2,1), u3=3,2,2) }
Bii 4.6 Trong mdi trudng hop sau dy, hiy xac dinh tham sé m dé:
a) M={(0,1,1),(1,2,1),(1,3, m)} sinhra R”.
b) M={(1,2,-1),(0,3,1),(1,5,0), (3,9, m)} khong sinh ra R*.
¢) M={(m,3,1), (0,m-1, 2), (0, 0, m+1)} khong la co s& cua R?.

Bai 4.7 Trong R *, cho cac khong gian vécto con:
Wi ={(x1, X2, X3, X4) € R X, + X, = 2X3, X - Xy = 2%4 }
Wa = { (X1, X2, X3, X4) € R*: x; =X, =x3 }
Tim moét co s& cua W, mot co sd cua W.
Bai 4.8 Trong R * cho tap
B=1{(,2,-1,-2),(2,3,0,-1), (1,2, 1,4),(1,3, -1, 0)}.
Ching miqh rang B 1a co s¢ cia R * va tim toa d6 cua vécto x = (7,
14, -1,2) doi voi co so nay.
Bai4.9 ChoB ={u;, u, u;} la mdt co s& cua khong gian vécto V
tréen R * va dat
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E = {vi=mu; + u, H3u;, v, =mu, -2u, + u3, v3 =u; -u, + u3 }

a) Xac dinh m dé E 1a co sé cua V.

b) Tim ma tran chuyén co sé tir B sang E.
Bii 4.10 Trong R * cho hai hé vécto

B={u=(1,2,3),u;,=(1,1,2), u; =(1,1,1)}
E={vi=(2,1,-1), v2=(3,2,-5), vs=(1, -1, m)}.

a) Ching minh B 13 co so ciia R °. Xéac dinh m d E 1a co so cia
R 3
b) Tim ma tran chuyén co sé tir B sang E.

Bai 4.11
Trong mdi truong hop sau, hdy tim mot co s& va sb chiéu cia
khong gian nghiém cua hé phuong trinh tuyén tinh thuan nhat:

xX;—=3x,+ x3=0 X +2xy +3x3 =0
a) 14x) +2x, —3x3 =0 b) 12x; +3x, +4x3 =0
5x1 —xy —2x3 =0 4x; +5x9 +6x3 =0
Xp —=3xy +4x3—x4 =0
2x; +xy —=2x3 +2x4 =0
9 3x) —=2xy +2x3 +x4 =0
xX; +4xy —6x3 +3x4 =0
1 -2 4 -3
d) AX =0 v6i 4 = 3o b6
-2 =51 6

3 -1 7 -9
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Bai 4.12 Trong khong gian R * xét tich vo hudng Euclide. Hay 4p dung
qua trinh tryc giao Gram-schmidt dé bién co s& {u 1,Us,U3 } thanh co
s& truc chuén.

a) u =(1,1,1),u,=(1,-1,0) ,u3;=( 1,2,1).

b) u;=(1,0,0), u,=(3,1,-2), u3=(0,1,1).

Bai 13: Tim mot so s& true chuén cua khong gian con cua R 3

W = {(a:l,xQ,a:g) € R /2x, + 3z, = 5:1:3}

Bai 4.14 V¢ cac mit cong bac 2 sau:
2 2 2

a) 2ty =4 D R R

4 9 1
Q)z=2a +19y d)z=4+2"+y°
) z=4—(2" +y) fy=2a’

g 2= 1o’ + 1’ h) —2 =z’ +



CHUONG 5
CHEO HOA MA TRAN va
DANG TOAN PHUONG

5.1. Chéo hoa ma tran
Trong phan nay, ching ta chi xét ma trdn vudng véi cac phan tir
1a céc sb thuc.

5.1.1. Tri riéng va vécto riéng ciia ma tran

Cho ma trdn vuéng cap n A = (aﬁ>
J/nxn

Pinh nghia: Néu ton tai s6 \ sao chocé x € R" \ {0} théa

Ax = Az (5.1
thi s6 A duwoc goi la tri riéng ciia ma tran A, con vécto T = 0
6 trén goi la vécto riéng cia A vng voi tri riéng \.
Ghi chu:
O Vécto T & trén dugc viét theo dang ma tran cot.

[J Giéi han trong chuong trinh, chiing ta chi xét cac tri
riéng thuc cua ma tran.

Nhu vay, mudbn tim tri riéng cua mdt ma tran A, ta di giai
phuong trinh
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det(A—AI)=0 (5.2)
Phuong trinh nay goi la phwong trinh dic trung cia ma tran A
Pa thue f(A) = det(A] — A) goi la da thire dic trung cla ma
tran A.
2 3

Vidu5.1 Tim tri riéng cia ma tran A = 1

Giai:

Dé tim tri riéng cua A, ta giai phuong trinh dic trung ctia A

2 3 A 2— A\ 3
Dod=Al=10 471 ATl 0o —1-x
nén

2— A 3 A=2
det(A—N)=0 & 0 IR U N

Vay A c6 hai tri riéng 1a -1 va 2.

5.1.2. Cach tim vécto riéng:
Tir dang thic Az = Az, chuyén Az qua vé phai, ta suy ta
(A=Xz =0 (5.3)
C6 thé thay, vécto riéng tmg tri riéng A\ chinh 13 cic nghiém khong
tam thudng ctia hé phuong trinh tuyén tinh thuan nhat (5.3).

Nhu vay, dé tim vécto riéng Gmg véi tri riéng A, ta tim nghiém
khong tam thudng ctia hé phuong trinh tuyén tinh thuan nhét (5.3).
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Hon nita, ta biét tap cac nghiém ctiia mot hé phuong trinh tuyén
tinh thuan nhat 1ap thanh mot khong gian con caa R" (n 1a cap
ciia A) nén tap cac nghiém cia phuong trinh (A — A ) =0 lap
thanh mot khong gian con cua R" va goi 1a khéng gian riéng ung
Vol tri riéng A.

Ky hiéu khong giang riéng ng voi tri riéng A cua A la:

V, ={z €eR"/(A— )z =0} (5.4)

Vidu S. 2 Tim tri riéng va co s¢ cua cac khong gian riéng tuong
Ung ciia ma tran

1 3 3
A=13 1 3
3 3 1
Giai:
Giai phuong trinh dic trung ctia A: det(A — ) =0
1-Xx 3 3

S0 3 1-XA 3 |=0
3 3 1-A

S2F2UNFIN N =0 -A=-T)(m+2° =0
Vay A c6 hai tri riéng 1a 7; — 2

Véi A = 7, phuong trinh (A — AI)2 = 0 tr6 thanh
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3 —6 3|z =0&1 3z, —6x,+32;=0
3 3 —6{|% 3z, + 3z, — 6z, =0

-~

-~
3z, — 3z, =0 z; € R

Suy ra khong gian riéng (g voi tri riéng A = 7 ¢6 co so la

{u=(111)}
Véi A = —2, phuong trinh (A — M)z = 0 tr& thanh
T, = —Ty — Ty

xl+x2+x3—0®{x2x3eR

Suy ra khong gian riéng ung véi tri rieng A = —2 c6 cosd 1a
{u, = (-1,1,0),u, = (=1,0,1)}

Dé ¥, cc co so ctia khong gian riéng trong vi du trén chinh 13 hé

nghiém co ban cta hé thuin nhét (A — A ) x=0.

Chu y:

- Néu 7 1a vécto riéng cia A ung vé6i tri riéng A thi
Va € R, vécto az cling 1a vécto riéng tmg véi tri A.

- Mot ma tran A cfip n cé n tri riéng nhung co thé mot sb tri
riéng tring nhau (nghia 1a sb cac tri riéng khac nhau c6 thé nho
hon n)
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Pinh ly: Cdc vecto riéng ung voi cac gia tri riéng khdac nhau
tao thanh mot hé vécto doc lap tuyén tinh.

2 3

Vidu5.3 Trongvidu 5.1 matrdn A = 0 —1 cO 2 gia tri riéng

la-1va?2.
Ung véi tri riéng -1, phuong trinh (A — A ) z = 0 trd thanh
3z, +x, =0
Thiy ngay vécto u, = (1;—3) 1a mot vécto riéng ang véi trj
riéng -1.
Tuong tu, Ung voi tri riéng 2, ta tim dugc vécto riéng tuong
tmg 1a u, = (1;0). Vi 2 vécto riéng nay ung véi hai tri riéng khac

nhau nén chiing doc 1ap tuyén tinh.

5.1.3. Chéo hoa ma tran
Pinh nghia: Ma trdn vuéng A cdp n goi la chéo héa dwoc néu
ton tai mot ma trgn P kha nghich sao cho P~'.A.P = D trong
do D la ma trdgn chéo. P goi la ma trdn kha nghich lam chéo
hod ma tran A.

2 3
Vidu5.4Matran A = 0 1 12 ma trn chéo hoa duge vi ton
11 1 12 3
tai tran kha nghich P = de
al ma tran kha nghic 3 0 ¢ 3 0ol lo -1
1 1] [—1
_3 ol” 9 : Dang chéo.
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Sau day ta s€ néu di€u kién can va du dé A la ma tran chéo hoa
duoc va cach tim ma tran kha nghich P lam chéo hod ma tran A.

Pinh ly: Ma trgn A = (%‘) chéo hoda dwgc khi va chi khi

nxn

ma trdn A cé n vécto riéng doc ldp tuyén tinh.

Hé quéa: Néu ma trin A = (%) co n tri riéng thuc phdn
nxn

biét thi A luon chéo hoad duoc.

Vi khi @6 ta s& tim du n vécto riéng doc 1ap tuyén tinh ciia A.

Vidu 5. 5 Ma tran

1 2 3 4
0 -1 3 1
A=10 0 2 2
00 0 3

1a ma trén chéo hod dugc vi thiy ngay A c6 4 tri riéng khac nhau 13
1,-1,2,3.

5.1.4. Thuat toan chéo hoa
0 Budc 1: Giai phuong trinh det(A-AI)=0 dé tim cac tri riéng
0 Budc 2: Ung voi mdi trj riéng A ta tim mot vécto riéng p;

Luu y: Néu ), 1a tri riéng boi k; thi
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A chéo hod dugc < dim V[)\] =k, Vi
1
0 Buéc 3: Néu c6 n vécto riéng doc lap tuyén tinh
Dy Poy---, P, Ung vOi céc tri riéng Ay, Ay, ..., Ay (trong do
¢ thé co mot sb tri riéng trung nhau) thi ma tran A chéo
hoa duoc.
Lap ma tran P ma mdi cot ctia P 1a mot vécto riéng:

P = [pl Dby ... pn]

Khidé P'AP =D =

Vidu 5. 6 Tim ma trdn kha nghich P (néu c6) 1am chéo hoa ma
tran

2 3
A pu—
0 -1
Giai:
Xét phuong trinh dac trung
2—X 3
A=N|=0< — 0

0 —-1-X
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Véi X = 2, xét phuong trinh (A — A )z =0
3T, = 0 r, €R
(i){:s% _0@{%_0
Cho z; =1, ta tim dugec p; = (1,0) 1a vécto riéng tng véi
tri riéng A = 2
Véi X = —1, xét phuong trinh (A — A )z = 0
T, = —1,

©3x1+3:1:2—0<:>{x2€R

Cho z, = 1,ta tim dugc p, = (—1,1) 1a vécto riéng tng véi
tri riéng A = —1
1 -1

bat P=lp p]= 0 1

Khi d6 P 1a ma tran kha nghich 1am chéo ho4 ma tran A va
dang chéo la
2

-1 o
P AP = 1

Vi du 5. 7 Tim ma tran kha nghich P (néu c6) 1am chéo hoa ma tran
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10 -9
4 -2
Giai:
10—\ -9
4 2N

A=

Xét phuong trinh dac trung

s A-4) =0
Vsid=4,(A-X)z=0

& 2
4z, — 62, =0
17 O z, € R

Thay ngay V,_, 1a khong gian mét chiéu nén A khong thé c6

hai vécto riéng doc 1ap tuyén tinh, do d6 A khong chéo hoa duoc.

Vidu5. 8 ’
Tim ma tran kha nghich P (néu c6) lam chéo hod ma tran
2 11
A=]1 2 1
1 1 2

Giai:
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Xét phuong trinh

A-N[=0s]| 1 2-X 1 |=0

Véi X = 4, xét phuong trinh (A — N )z =0

2 =0
T+ Ty + X4 v — 20, 41, = 0

el -2 —0e
hT ALY 37, — 3z, = 0

T+ Ty — 2253 =0

(1) = Ty = T3

z; € R

Cho 7, = 1, ta tim dugc vécto riéng {pl = (1,1, 1)} ing vai tri
ring A\ = 4.
Véi X = 1, xét phuong trinh (A — Al )z = 0

ST+ T+ x5 =0
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Cho z, =12, =—1 va cho z; =1z, =1, ta tim duoc
{p2 = (1,—1,0),p, = (1, 1,—2)} la cac vécto riéng ung véi
A=1

1 1 1
bat P=[p, p, p3]=1]1 -1 1
1 0 -2

Khi d6 P 1a ma tran kha nghich lam chéo ho4 ma trin A va
dang chéo la

PlAP = 1

5.1.5. Chéo hoa truc giao ma trin doi xirng thuc
a. Ma tran trwe giao
Pinh nghia: Ma trdn vuéng P cdp n goi la ma trén triec giao

néu cac vecto hang (cot) cua P tao nén hé vecto truc chuan
(trong R", voi tich vo huong Euchide)

Vidu5.9

la ma tran truc giao.

Hkl
M)—‘

ol
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vécto tng voi cdt 1, cdt 2 cia P thita co {p;, p, } 1ap thanh mot he

bé y, néu coi p; = [

truc chuén trong R?.
Pinh Iy: P la ma trdn truc giao khi va chi khi P* = P~

Vay néu P 1a ma tran tryc giao thi ma trdn nghich ddo cua n6
chinh 1a ma tran chuyén vi cua no.

Hkl
[\3)—‘

Vi du 5. 10 C6 thé kiém tra dugc P = 1a ma trin

SEyam

Wil

truc giao, vay nghich ddo ciia ma tran P la

1 1
pl_pl_ V22
41
V22

Pinh nghia: Ma tran vuong A goi la chéo hod truc giao duoc
néu ton tai ma trdn truc giao P sao cho P AP 14 ma tran chéo.

Khi do ta ciing noi P la ma trdn lam chéo hoa truc giao ma tran A.

Sau ddy ta néu cac diéu kién dé A chéo ho4 tryc giao dugc qua
cac dinh 1y sau:
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Pinh ly 1: Piéu kién can va du dé ma tran vuong A chéo hod
truc giao duwoc la A co n vécto riéng truc chuan.

Vi khi d6, theo thuat toan chéo hoa ma tran, ta s€ c6 ma tran
truc giao P.

Pinh 1y 2: Néu A la ma trgn doi ximg thi cac vécto riéng thudc
cdac khong gian riéng khac nhau sé truc giao theo tich vo huwong
Euclide trong R"

Chang han, trong vi du 5. 8, cac hé vécto Py, Dy (hay py, p3)
lap thanh mot hé tryc chuan vi p; va p, (hay p, va p;) thude cic
khong gian riéng tng véi tri rieng A =4, A =1. Dé ¥ p,,p,
khong truc giao nhau.

DPinh 1y sau cho ta biét chi c6 mot dang ma tran co thé chéo hoa
truc giao duogc.

Pinh ly 3: 4 la ma trdn chéo hoad truc giao dwoc khi va chi khi
A la ma trdn d6i xing.

Hon nita ma tran d6i ximg con cd tinh chat sau:

Pinh Iy 4: Néu A la mot ma trén déi xvmg thiee thi

- Achico tririéng thuc

- Néu A c¢6 A la tri riéng béi k thi ting véi A luén c6 thé tim
dwoc k vecto riéng doc lap tuyén tinh
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b. Thuat toan chéo hoa truc giao

A= (%‘) 12 ma trn ddi xtmg thuc

0
0

nrn

Budc 1: Giai phuong trinh det(A-AI)=0 dé tim trj riéng
Budc 2: Ungvdi mdi tri riéng A, ta tim mot vécto riéng U, .
Néu A, 1 tri riéng boi k thi tmg véi no ta phai tim du k vécto
riéng ddc lap tuyen tinh.
Budc 3: Ap dung qué trinh truc chudn cho cac vécto riéng
tim duogc ¢ budce 2 (thuc chat ta chi 4p dung cho céac vécto
riéng c6 cung tri riéng vi cac vécto riéng Ung voi tri riéng
khac nhau thi ty chung truc giao nhau) dé dugc hé vécto
riéng truc chuan {pl, p2,...,pn}
Budc 4: Lap ma tran truc giao P ma mdi cot 1a mot vécto tur
hé vécto riéng truc chuan. Ma tran nay la ma tran lam chéo
hod tryc giao ma tran A.
Budce 5: Lap D l1a ma tran chéo ma trén duong chéo 1a cac
tri riéng A, tuong ung theo ding thu tu voi hé vécto riéng
trye chuan {p,, p,,..., p, } . Khi dé ta co:

P'AP=P' AP=D

Vidu 5. 11 Chéo hoa truc giao ma tran d6i xtmg sau day

2 1 1

A=11 2 1
1 1 2
Giai:

Xét phuong trinh dac trung
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2ox 1 1
A-N|=0s| 1 2-X 1 |=0
12—
N\ =4
“in=1

Véi X = 4, xét phuong trinh (A — )z =0

2 —0
T+ Ty + X4 v — 22, 41, = 0

= 7 —2 =0«
T A T 3z, — 3z, = 0

T+ Ty — 22, =0

'371:372:373
=9

z, € R

Cho z; =1, ta tim dugc u; = (1,1,1) 1a vécto riéng cua A
g véi tri riéng X = 4

Véi X = 1, xét phuong trinh (A — A )z = 0

S +ay,+23 =0

Ta tim duoc u, = (1,—1,0),u; = (1,1,—2) 1a cac vécto
riéng doc 1ap tuyén tinh ctia A ng véi tri riéng A = 1

Truc chuan hoé cac vécto riéng tim duogc & trén, ta dugc hé
vécto riéng truc chuan ctua A la
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P

)2

Ps

bat P =[p,

1 1 1

333

1 1

7 7Y

1 1 _2

V676 JE]
1 1 1
V32 6

1 1 1

p2p3]_\/§ _\/5 /6
1y =2
V3 J6 |

Khi 6 P 1a ma tran truc giao lam chéo hoa tryc giao ma trdn A va

dang chéo la

PAP =

5.2. Dang toan phuwong

5.2.1. Dinh nghia

4

Dang toan phwong thuce n bién ky hiéu la f (3:1, Z,, ,:L’n) la da

thire dang cdp bdc 2 theo cdc bién x;.

Nghia la
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f(xpxga ZZGU L (5.5)

=1 j=1
o 2
- a’llxl + a’lQ'xle +.+ a’lnxl'xn

2
+ a’?lexl + a22$2 + + a?n'xan

+ a’nlxn'xl + a’n2x2$ + + a '/L' (a',']' S R)

nn-—n

Vidu5.12 f(z,2,,3,) =2} + 22; — 7 + 2,2, + 37,2,

12 dang toan phuong trong R?.

Ma tran cua dang toan phuwong

Zy
Ty
£ A T
Néu ta ky hiéu vécto z = |T3|; 2" =|2, 2, 2,..7%,
xn
Ay G ay,
5 Ay Gy Ay,
vadat A =
a’nl a’2n tee a’nn

thi dang toan phuong c6 thé viét dudi dang ma tran nhu sau
f(xl,xQ,...,xn)szA:L’ (5.6)

Ma tran A dugc goi 1a ma tran cia dang toan phwong.
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Nhan xét: A 1a ma tran d6i xtmg thuc.

Vi du 5. 13 Dang toan phuong
f) =2 +22} — 22 + z2, + 30,1,

cO ma tran la

1 1/2 0
A=[1/2 2 3/2
0 3/2 -1

Vi du 5. 14 Viét ma tran ciia dang toan phuong
@) =22 - 23] + 2 +2x,1, — 7,7, + 42,7,

Giai:
Ma tran cua dang toan phuong da cho la
2 1 —1/2
A=| 1 —2 2
-1/2 2 1

5.2.2. Hang cta dang toan phwong
Hang cia dang toan phuong f (:1:1, LEQ,...,:E”) ky hiéu la r(f),
chinh la hang cua ma tran cua dang toan phwong: r(f)=r(4)

Vi du S. 15 Tim hang ctua dang toan phuong
@) =22 — 23] + 2 +2x,1, — 2,2, + 42,7,

Giai:
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Ma tran cua dang toan phuong da cho la

> 1 —1/9
A=] 1 —2 2
~1/2 2 1
Bién d6i A vé dang baé thang
1 -2 2 1 =2 2
A—0 5 —9/2|—0 1 2
0 1 2 0O 0 1
Vay hang clia dang toan phuong la 7 (f) = r(4) = 3

5.2.3. Dang toan phwong chinh tic
Dang toan phuong duoc goi 1a & dang chinh tic néu

a; = \,Vi=1n

L (5.7)
a; =0,Vi= g5, =Ln
Thay ngay dang toan phuong & dang chinh tic s& c6 dang sau:
f(@, Ty m,) = Mo + X2, 4+ o+ N2, (5.8)

hay c6 thé viét ¢ dang ma tran 1a f (2, Z,..., 7, ) = 2" Dz

Y n
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trong d6 D 1a ma trdn chéo D =

0 0 ... A

n

Néu dang chinh tdc ma cé cac A; chi nhdn mét trong 3 gid tri 1,
-1, 0 thi dang toan phirong goi la c6 dang chudn.

Vi du 5. 16 Dang toan phuong f (&, 2,z ) = 217 + x5 — bas
1a dang toan phuwong & dang chinh tic.

5.2.4. Pua dang toan phwong vé dang chinh tic

a. Phwong phap phép bién déi truc giao

Cho dang toan phuong f (z) = zn: zn:ava:a:. =2 Ax

1771
i=1 j=1

Nhan théy, vi A 12 ma tran ddi xtng thyc nén tdn tai ma tran truc
giao P dé P *AP c6 dang chéo.

bit = Py (phép bién doi nay goi 1 phép bién doi truc giao)
Khi d6
T T
f@ =a Az = (Py)" A(Py)

— yTPTAPy — yTDy (D 1a ma tran chéo) (5.9)

tirc 1a dang toan phuong f c¢6 dang chinh tic theo bién .
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Vay ta ¢ thudt toan sau dé dua dang toan phuong di cho vé
dang chinh téc.

Thuét toan
- Bude 1: 1ap ma tran A cua dang toan phuong (A 1a ma
tran d6i xtng thuc)

- Budc 2: Thuc hi¢én thuat toan chéo hod tryc giao ma tran
ddi xung thuc A. Tim ma tran truc giao P va ma tran chéo
D sao cho:

Pt AP=P' AP=D
- Bude 3: Két luan
Y

L Ya
Vi1 phép bién doi truc giao x = Py trong d6 y =

dang toan phuong da cho s& dua duoc vé dang chinh tic:

FW)=y"Dy =Ny’ + My, +...+ Ay,

Vidu 5. 17 Dua dang toan phuong sau vé dang chinh tic bang
phép bién doi truc giao.

[z, 2y,25) = 207 + 25 + 225 + 23,2y + 20,75 + 22,7,

Giai:
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Ma tran cua dang toan phuong da cho la:

2
A=]1
1

—_ N
N = =

Day chinh la ma trén trong vi du 5.8
Vay ma tran A c6 cdc tri riéng 1a 4;1

Vi céc tri riéng nay, ta tim dugc cac vécto riéng tryc chuan

b =

&~
&=

=}

5
I
57 &5 F-
-

Ps

S~
S
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bat p = [pl Do pg] =

® &l
5= &l

—2

J6

Khi 6 P 1a ma trin tryc giao lam chéo hod ma tran A.

s~ &l &~

Phép bién d6i tryc giao © = Py dua dang toan phuong da cho

vé dang chinh tic theo bién ¥ 1a

fly) =4yl + v +u3
b. Phwong phap Lagrange

Pé dua dang toan phuong f(z) = ZZavmxv vé dang

G
=1 j=1

chinh tic theo phuong phap Lagrange, ta thuc hién lién tiép cac
phép bién doi theo thir tyr cac budc sau:

- Buée 1: Néu a;; # 0 thi ta nhom tAt ca cac sb hang chua x;
vao réi mot nhom rdi bang cach thém bt ta bién doi sao
cho thanh binh phuong mot tdng, ngoai tong nay ra khong
con sb hang nao chtra x.

Néu a;;=0 thi ta chon a;; # 0 nao d6 va lam viéc véi x; nhu
trén ta lam voéi x;.
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Néu Va;#0 thi chon a;#0 nao do roi thyc hién bién doi phu
_ ! 1. _ ! ! )\
T, =2,—%; T, =T,+T;va

2
_ ! !
2az.].x7;xj = 2%. (m 7;) —2%. (m

! _
ai].—2aij¢0

2 2 ~
j) thoa man

- Budc 2,3 tiép tuc 1am nhu budc 1 véi cac bién Loy Tgy..
Sinh vién tim hiéu thém qua vi du sau.

Vi du 5. 18 Pua dang toan phuong sau vé dang chinh tic bang
phuong phéap Lagrange
2 2
b). [ (21,20, T3) = 112y + T,24
Giai:
a).Biang cach thém bt dé duoc

hing ding thirc
(a £ b)2 = a® + 2ab + b*, ta dugc:

2 ) L 5
=|z — 27—+ |—x
=l -20 2+ 1

L 5 2
——z, + 2
] 1 2
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h=1 — 2
pat {70 2

Yo = Xy
Vay theo bién y = (yl, y2>, dang toan phuong da cho c6 dang
chinh tic 1a

7
fly)=y +1y§

b). [ (2,25, 75) = 2,7,

T =Y + Y

Dit
Ty =Y —Ys

suyra f = y12 — y; 1a dang chinh tic cta dang toan phuong.

c. Pinh luat quan tinh

Qua cac vi du trén ta théy ¢4 nhiéu cach dua mot dang toan
phuong vé dang chinh tac, va cac dang chinh tac cia mgt dang toan
phuong co6 thé khac nhau nhung:

S6 hé s6 ém va s6 hé sé dwong trong dang chinh tic ciia mot
dang toan phuwong khong doi.

Vi du 5. 19 Cho dang toan phuong d3 & dang chinh téc
f(a;l,xz) = 5612 + 433;
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Ty =Mt
Néu ta thuc hién phép bién ddi 1
Ly = 5 Yo

thi dang toan phuong s& ¢ dang chuan tic (cling 1a dang chinh tic
nhu sau)

2 2
f(y17y2> =Y + Y
Dang chinh tic mdi ndy cé cac h¢ sO khac véi dang trude
nhung so cac hé s6 duong luon 1a 2, s6 cac hé s6 am luon 1a 0.

5.2.5. Phan loai dang toan phuwong
a. Pinh nghia:
Dang toan phuong f (x) goi la
- Xdc dinh dwong néu Vx#6 ta déu cé [ (x)>0
- xdc dinh am néu V=0 ta déu cé f (x) <0
- nika xdc dinh dwong néu V=0 ta déu cé f(x) >0
- mika xdc dinh am néu Vx#6 ta déu cé [ (1) <0

- khéng xdc dinh vé dau néu ton tai ©', x° = 6 sao cho
f(@'). f(z") <0

Vidu 5. 20
f (CEl, 5132) = z7 + 2z 13 dang toan phuong xéc dinh duong.
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f(2,2,) = 27 — 1,7, + 225 1a dang toan phuong xéc dinh

2
x 7
duong vi f(:r:l,xQ) =z ——2) +—x§.
2 4
flz,2,) = —227 — 3z 1a dang toan phuong xéc dinh am.

T,,%,) = T,T, 1a dang toan phuwong khong xac dinh diu, vi chi
1542 142

cin  chon z' = (1,1),:132 =(1,—1) s& thdy ngay
f(z'). f(z*) <0

Qua cac vi du trén, ta c6 thé thay rang viéc phan loai dang toan
phuong duogc thuc hién d& dang néu nd & dang chinh tic.

b. Phan loai dang toan phwong qua dang chinh tic
Khi dua dang toan phuong f(z,,,,...,z,) vé dang chinh tic

Jor(WsYor ) = Ay + A0," + .+ Ay,
bang phuong phap bién d6i tuyén tinh khong suy bién z = Py véi
|P| = 0 taco

- Néuk;>0Vithi f(2) xac dinh duong

- Néuk;<0Vithi f(z) xac dinh am

- Néu ;>0 Vi va c6 it nhat mot gia tri A = 0 thi f () nira
xac dinh duong

- NéuA; <0 Vi va c6 it nhat mot gia tri A = 0 thi f () nira
xac dinh am
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- Néu c6 it nhat mot gia trj A; < 0 va c6 it nhat mot gia trj A>

0 thi f(z) khong xac dinh vé déu.

Nhin xét: Viéc phan loai dang toan phuong hoan toan cé thé

dua vao cac gia tri riéng )\Z» cua ma tran cua n6 voi cac 1ap luan

hoan toan nhu trén.

Vidu 5. 21 Dang toan phuong

f2y, @0, 25) = 227 + 233 + 225 + 22,25 + 22,24 + 27,24

xac dinh duong vi theo vi du 5.17, ma trén cua dang toan phuong

co cac tri riéng duong 1a 4;1.

5.2.6. Tiéu chuin Sylvester

a. Pinh thirc con chinh ciia mg¢t ma tran vuong

Cho ma trdn vuong A =

a’n 1

Ta goi céac dinh thirc con cua A c6 dang:

A A Ay Gy
=a,; A, =
1 119 2 ) )
Ay Ay
Ay Gy Ay,
Aoy Qyp oo Qo
Ac=l A=A

a’n2

al n

ay

n

nn

(5.10)
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1a cac dinh thuc con chinh ciia A. Mot ma tran vuong c?ip 7 chi co
7. dinh thirc con chinh.

C6 thé thay, dinh thirc con chinh cap & ctia ma tran A c6 duoc
bang cach chon ra cac phan tr nim trong k hang va k cot dau tién
cua A tinh tir géc trén bén trai va gitt nguyén vi tri nhu khi chung ¢
trong ma tran A.

1 2 1
ViduS.22Matran 4 = |2 —1 3| c6 cac dinh thic con chinh
1 3 2
la
A =1
1 2
B2=ly 4
A, = det(A)

b. Pinh ly Sylvester
- Cho dang toan phuong f (1) = :UTAx, khi do
- f (x) xdc dinh duong néu tat ca cdc dinh thirc con chinh

ciia A déu dwong:
A >0A,>0.5A =]4>0 (5.11)
- f (x) xdc dinh am néu tat ca cac dinh thire con chinh cdp lé

cua A deu am va tat ca cac dinh thirc con chinh cap chan cua A
déu duong:
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A <0A,>0A, <0..;A, , <0 A, >0...(5.12)
Vi du 5. 23 Xét ddu cua cac dang toan phuong sau:

a). f (21,29, 25) = 227 + 23 + 37 — 22,35 — 27,7,

b). [ (2, 2y,25) = 2x7 + 22 + 22 + 4a,7y + 3z,7,

Giai:
2 0 -1
a).Matrancua f: A=|0 2 -1
-1 -1 3

Cac dinh thirc con chinh ctua A la

2 0
A =2>0, A2:0 2:4>0,
2 0 -1
Ay, =10 2 —1=8>0
-1 -1 3

Vay f la dang toan phuong x4c dinh duong.
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2 3/2 2
b)Matrancia f: A=1(3/2 1 0
2 0 1
Cac dinh thirc con chinh ctua A la
2 3/2 7
A =2>0,A, = =—>0
3/2 1 4
2 3/2 2
A3: 3/2 1 0:—%<0
2 0 1

Vay dang toan phuong nay khong xac dinh dau.

BAI TAP

Bai 5.1: Tim tri riéng va co s& cua cac khong gian riéng tuong
ung cua cac ma tran sau day:

30
o35
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0 0 0 -1
©)|-4 4 0 Hlo 1 1
21 2 “11 0

Bai 5.2: Chéo hoa cac ma tran sau (n€u duoc)

5 -3 2 2 -1 0 1 0 -1
a) |6 =4 4] b) |1 0 0| o |-1 2 -1
4 4 5 0 0 3 0 0 2
2 0 0 1 -2 -1 1 0 4
dHlo 1 0] ol0 2 -1| Hl-2 -1 -4
2 -1 1 0 2 1 0 0 2

Bai 5.3: Chéo hoa truc giao cac ma tran doi xung sau:

2 -1 -1 3 -1 1
a)G ;] by|-1 2 -1] ¢ |-1 5 -1
-1 -1 2 1 -1 3
122 -3 2 2
dl2 1 2|e]2 3 2
2 21 2 2 -3

Bai 5.4: Dua dang toan phuong f vé dang chinh tic bang phép bién
d6i tryc giao, tim hang va xét du dang toan phuong f.

1) f(x1, x2) = 5x] +8x; —4x,x,
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2) f(x1, X2, X3) = X + X5 +x7 +2x, X, +2x,%;, — 2X,X,

4) f(x1, X2, X3) = 4x12 + 4x% + 4x32 +4x1x5 +4x1x3 +4x,x5
5) f(x1, X2, X3) = 3% +2x5 + x5 +4x,x, +4x,x,

6) f(x1, X2, X3) = 2x, +2x3 +3x; —2x,X; — 2X, X,

7) f(x1, X2, X3) = —2x7 —5x; —5x; —4x,x, +4x,%, +8x,X,

8) f(x1, X2, X3) = 2] +5x3 +5x; +4x,x, —4x,x, — 8, X,

9) f(x1, X2, X3) = 2x12 + 2x§ + 5x32 +2x1X5 +4x1x3 +4x,x5

10) f(x1, X2, X3) = 2x X, +2x,x; + 2x, X,

Bai_5.5: Pua dang toan phuong f vé dang chinh tic bang phuong
phap Lagrange, tim hang va xét ddu dang toan phuong f.

a). f(x1, X2, X3) = 2x,x, +2x,x; +2x,x,

b). f(x1, X2, X3) = X} + X +X; +2X X, +2X,X, — 2X, X,
— 2 2 2

c). f(x1, X2, X3) = x{ +5x5 —4x5 + 2x1x5 — 4xx3

d). f(x1, X2, X3) = 2x12 + 2x§ + S)C32 +2x1X5 +4x1x3 +4x,x3
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e). f(x1, X2, X3) = 2x, +2x +3x7 —2x, X, — 2X, X,

Bai 5.6: Hiy xac dinh tham sé m dé sau dang toan phuong xéac
dinh duong.

a) f(xi1,x2,x3) = 2x12 + x% + 3x32 +2mx x5 +2x,5X3

b) f(xi, X2, X3) = x12 + x% + 5x32 + 2mx xy — 2x1X3 + 4X5X;3



PAP SO - HUONG DAN
CHUONG 1

Bai 1.2:(3z-1)(2+14) + (z-iy)(1+2y)=5+6i

Ta rat gon dé tim phan thuc va phan do cua ve trai, sau d6 cho
phan thuc va phan do cua hai vé trung nhau dé tim x,y.

Vé trai=6z + 1 + (3 — 2)i + (z + 2ay) + (—y — 2¢°) i
=Tz +2zy +1) +i(32 =2 —y — 2¢°)

suy ra hé phuong trinh

Tx+2zy+1=5
3r—2—y—2y° =6

5—i 241
4 2

Bail.3: 2, =

Bai 1.4:

a)z=x€R; x>0
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2=0

z2=1

b, L V3,
2 92
1 3.

Z2=—=——1
2 2

Bai 1.5:
a). z = -2 =2[cos(n+ k2m) + isin(n + k2m)]

c). z=—2+ 2\/§i=4[cos (2?% + k2nj + isin (%{ + k2n):|

d). z=2 [cos (% + k2n) + 7sin (% + k?nﬂ

Bai 1.6:

-T .. —-T )
2z zl(cos—+zsm—j= -1
2 2
Bai 1.7:
2 2
a) (—1+ z\/g) = Q(COS—TE-F z'sin—n)
3 3

(—1 + Z\/§)7 =97 (cosu?nnt isinMTn)

=927 (COSQ—TC + z'sin?—n)
3 3
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=-2042%/3
CHUONG 2
Bai 2.1:
-19 14 11 5 20 45
) -23 81 40 b) (19) ) 3 12 27
a c
0 0 O 2 8 18
-17 31 16 1 4 9
Q) 6 12 ) 2 n 12 17
e
8 16 3 0 29
1 na . : .
g) o 1 J (Chting minh bang qui nap)
Bai 2.2:
x=2
=4
a) 17 x=|% P 9y peR
7= 0 B
w=3
Bai 2.3:
40 20 -10
a) (AB)C=ABC)=|32 24 -2
70 37 -16

15
9
6
3
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40 32 70
C'B'AT=(ABC)'=| 20 24 37
-10 -2 -16
36 23 41
b) f(A)=2A%+3A+55-2A"=|15 27 42
30 38 92
Bai 2.4:
1 2 5 8
a) X = b) X =
1 -1 35
N 36 148
)X = fE ? HX=| 1 -28
3 3 -16 -36
Bai 2.5:
a)-56 f) (a’-a)*(b’-b)*
b)27 g) (-1)"'n!
)168

d)X’(x—y-2)(x +y+72)
e) abc + abx + acx + bex

Bai 2.6:
a) x=2vx=3vx=4; b)xtuyythudcR

c) 6 <x<+4

d7-Bx+7x-x>=0, 7 €{1,3+/2,3-,/2}



174

Bai 2.7:
)3 b2 ¢)2

Bai 2.8:

a) Khong ton tai m, A~ " 0
~Am+2m+1

0O 0 1-m -
m
m | 1 1
— — 3_
b) m=1,A~ 0 m—-1 m-1 m’—1
m m
0 0 l-m m-m’—m>+1
¢) Khong ton tai m.
Bai 2.9:
1 2 3
A 0 -3 -6
0 0 22-2m
0 O 0

Néu m=11thir(A)=2;néum= 11 thi r(A) =3.

-8 5 2
Bai 2.10: |27 -16 6
-5 3 -1
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-5 18 -7

CHUONG 3

Bai 2.11: ('8 29 '11]

Bai 3.1:
a) (X7 Y7 Z) = (105 '16: 7)
b) x,y, z) = (2, -1, -1)

488 330 —203
C X’ 2 Z = 2 5
) &%, 2) = (307 o1 )

101
1
d) X1, X2, X3,X4) = (4t+ =, t, -—, 3t-—) ,VteR.
) (X1, X2, X3,X4) = ( s s 5)

9 2

Bai 3.2:
a) det(A)=-m'—5m
Néu m = -5 thi h¢ vo nghiém

Néu m = 0 hé c6 ho nghiém (2-3t, 6t —1, t)

Néu m # -5 vam = 0 thi hé c6 nghiém duy nhét la:

m+7 1 1
X’ ’Z = b b
.y 2= m+5 m+5 m+5)
b) det(A)=-7 )
H¢ ludn c6 nghiém duy nhat la:
22 3 5 1 13 4

X,yY,2)=(—m-—,—-—m-—,-—m+ —
x.y.2) (7 7 7 77 7)

c) det(A)=m’—3m+2
Néu m = -2 thi h¢ v6 nghiém
Néu m=1hé co ho nghi¢m (s +t+ 1, -s, -t) Vs, t € R.
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Néu m#-2vam=1thi héconghiém duy nhat la:
m+l 1 (m+1)?
m+2 m+2 m+2

(XaYaZ)z( -

d) det(A)= 4 m+m’
Néu m =2 thi h¢ vo nghiém
Néu m=-2 thi hé c6 ho nghiém (x,y, z) = (t, - t, 0)
Néu m=0 thi hé c6 ho nghiém (X, y, z)= (1-3t,1+t,2t)
Néu m#-2,m#2,vam=0 thi hé co nghiém duy nhat 1a:
1 m+3 m+2
Xﬁ JZ = b b
x.%.2) (m—2 2-m 2-m
B 1 2 1 2 1
e) A~ |0 3 2 -1 m-1
0 0 0 0 m+2
Néu m#-2 thi hé vo nghiém
Néu m=-2 hé c6 ho nghiém:
(X1 , X2, X3,X4)=(S-4t -1,2S+t—1,3S, 3t)
Bai 3.3:
1 1 m 1
a) A~10 -m+1 1-m? 0

0 0 2-m-m* m-3
Néu m=-2 v m=1 thi h¢ v6 nghiém.
Néu m#-2 vam#1 thi hé c6 nghiém duy nhat
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1 1 m 1
b) A -0 -2 —m —m? -1-m
I, I 1 ,
0 0 —§m+l—§m m—E—Em

Néu m=1 thi hé c6 ho nghiém VSN
Néu m =1 thi hé c6 nghiém duy nhét
Bai3.4: Kyhiéu f(x)=ax’ +bx’+cx+d

a) (aa ba C, d) :(27 -37 172)
b) (aa ba C, d)z(la 19 '3a 5)

-8 29 -—11
Bai3.s: A'=|-5 18 -7
1 -3 1

a) (x,y,z)=(47 - 8m, Sm- 29, m-5)

b) (x,y,z)=(1,2,-1)
¢) X,y,z)=(5m+1,m+1, 2-m)
d) (x,y,2z)=(-3-2m,-11-6m,-m-2)

Bai 3.6: a) H¢ nghi¢mcobanla: (1,1, 2)
b) H¢ nghiém co ban la : (2,10,7,0); (-5,-4, 0, 7)

CHUONG 4
Bai4.1:

a) Khong 1a khong gian vécto.
b) La khong gian con.



178

c¢) Khong la khong gian vécto.
Bai4.2:
2 6 5 1

aym=6  HD: A~ 0 -4 4 117

00m—6Z

b) Vm e R

m=-8 ,HD A~

24 3 m
1 4 16 m ]

dm=1 ,HD A~ |¢g o =2 1_9m

7 7 7
21 21m
0 0 0 —7+T

Bai 4.3:

a) Doc lap tuyén tinh.

b) Néu m =4 thi phy thudc tuyén tinh. Néu m = 4 thi doc lap
tuyén tinh.

¢) Phu thuoc tuyén tinh.

Bai 4.4:

a) r =2, h¢ phu thudc tuyén tinh
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b) r =3, hé doc 1ap tuyén tinh
b) r =2, hé phy thudc tuyén tinh
d) r=3, hé phu thudc tuyén tinh.

Bai 4.5:

a) Khong la co so
b) Khong la co so.
c) Khong la co so.
d) Laco so.

Bai 4.6:

a)m # 2 bpm=-2 c¢)m=-1 vm=0v m=1

Bai 4.7:
fur=(1,1,1,0), vi=(1,-1,0, 1)} 1a mdt co sé cua W,

fw=(1,1,1,0), v =(1,-1,0, 1)} 1a mot co s& cua W,

0
2
Baid8: [x]s = ||
2
Bai 4.9:
m m 1
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Bai 4.10:
a) m=10
b) Ma tran chuyén co s6 tir B sang E :

-1 -1 =2
P(B—)E)z -1 -6 m+3
4 10 -m

Bai 4.11:
a) Coss {(1,1,1)} ,dim=1.
b) Cosd {(1,-2, 1)} ,dim=1.
¢) Cosd {(5,4,0,-7),(-3,0,2,5), dim=2.
Bai 4.12:

a) Co s¢ truc chuan

b

1,1,-2)¢.
7 )}

1 1
vi=—=LL),v, =—
{ 1 3 2

5 D

b) Co sé truc chuin

(1’_190)9 V3 =

1 1
{VI =(1,0,0),v, = E (0,1,-2),v5 = m (0,6,3)} .

CHUONG 5
Bai 5.1:
a) Tririéng va vecto ri€éng co s tuong ung cua A la

1 =3 _vectd riéng co sd > X, = (;j




181

‘A 5 0
1 =-1 vec td rieng cd sO N Xzz[ J

b) |AAM|=0o 2240 +5=0 (1)

0 Xét tréng trudng sb thuc : Vi phuong trinh (1) v6 nghiém
tréng trudng sd thyc nén A khong co tri riéng va vecto
riéng.

0 Xét tréng truong s6 phirc : Pt (1) & A =2 +i

. iéng co'sd 1
21 =2+1 vec td rieng cd sO y X, = [J
1

| —— 1
2« =2_1 Vectdrleng CO sd N X2= ( ]
—1

¢) Tri riéng duy nhat 2= 2

2

0

vec td riéng cd s&
g > X = 0
1

X,=[2

d) 21 =1 vec td ri€ng cd sO s X

1
=11
0

1
vec td riéng cd s&
g > X2 =|-1

A =-1
2
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-1
=11
1

vec td riéng cd s&
g > X3

Bai 5.2:
111 1 00
a) PatP=|2 1 2|thi P'AP=|0 2 0|=D
1 0 2 00 3
b) Khong chéo hoa duge.
1 01 2.0 0
c) PaitP=|0 1 1|thiP'AP=|0 2 0|=D
-1 00 00 1
4 1 1 000
e)PatP |1 0 -2|thiP’AP=|0 1 0|=D
2.0 2 00 3
0 1 4 -10 0
HPatP = |1 -1 —-4| thi P'AP=|0 1 0
0 0 1 0 0 2
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Bai 5.3:

|

S O n
VR 7~ N\
o O O o O O —
(e} | (e}
S on O S on O
p—
== n o o | <@ <
N N— N—— N—
e I I I
a o =9 =9 =9
N—
: = = =
=9 -9 =9
M I I I
[ =5 W =B
n_g_l < < <
[ [ [ [
< . . .
9 lfﬁlfﬁlfﬁ 17_%7_.7_%17_% lfﬁlfﬁlfﬁ

O L i IR CRI AP ELE
“I5TIS ~I9TIS o -l o T et s

_ I I I
A A A~ A
) = ) S
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1, L
V2 NE) -5 0 0
AT T T :
&) P=| = —— ——|,PTAP=PTAP=|0 -5 0
V2 2 B
-1 1 0 0
0o —
NERNE
Bai 5.4
2 1
a) Vc’win(le,Yz (hj,P: \/15 */52 , phép dbi bién tryc
X2 y2 - £
J5 o5

giao X = PY dua dang chinh tic for(Y) = 4y12 + 9y§. Hang
r(f) =2, fxac dinh duong.

X1 g
V61 X =|x,|,Y=|y,|, phép ddi bién truc giao X = PY dua
X3 Y3

dang toan phuong f vé dang chinh tic 13 for(y).
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b)

d)

1 1 1
V2o Ve 3
V) =212y} -vi P~ .
o 2 -1
NI
1(f) =3, fkhong xéc dinh dau.
111
V2o Ve 3
M =yii 4yl P = )
o -2 L
V6 3
r(f) = 3, f xac dinh duong.
111
V2o Ve 43
fCT(Y)=2y12+2y§ +8y§,P= —L L L
V2o Ve 43
o -2 L
NIE)
r(f) = 3, f xac dinh duong.
-2 1 2
fr(¥) =2y} -y} +5y5P=2| 1 -2 2],
2 2

1(f)=3, fkhong xac dinh dau.
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1
2
f) fCT(Y)=2y12+y§ +4y§, P= —%
0
r(f) = 3, f xac dinh duong.
2
Ng
g fer(Y)=-yi -y; -10y; ,P=| 0
1
NS
r(f) =3, fxac dinh am.
2
5
h) fer(Y)=y; +y; +10y;,P=| 0
1
Ng
r(f) =3, fxac dinh duong
1
2
i) fer(Y)=yi+y +7yl P=| -
V2
0

r(f) =3, fxac dinh duong

| Ql‘lgl‘ «l‘
w‘Nwlt\) W | = w‘{l}wn\) W | = Aol o™

Sl -5
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Bai 5.6:
a) -2<m < 2 b)-%<m<0
Bai 5.7:
=u- 2v
a) Thuyc hién phép bién d6i :1~ 11 ta dwoc PT twong
y=v
duong
wo v
15733
. 11 20
Do thi 1a mdt duong Hypebol
x—u+%v
b) Thuc hién phép bién d6i :{~ = 5 ta dugc PT tuong
y=v
duong
2 2
weov oy
36 5
5
Do thi 1a mot duong Elip
L =u+
c¢) Thuc hién phép bién doi :{x ! Vta duoc PT tuong
y=v

duong
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2
LA
4

w\oo|<N

Do thi 1a mot duong Hypebol

2
d) Thuc hién phép bién ddi : = _Evta dugc PT tuong
y=v
duong
2 2
9 15
5 7
Do thi 1a mot duong Elip
Bai 5.8:

a) Mat bac hai da cho la mat Elipxoit
b) Mat bac hai da cho 1a mat Elipxdit .
c) Mat bac hai da cho 1a mat Hyperboloit mot tang



Péso 1
Cau 1. (2 diém)

Trén khong gian R’ cho 2 tap hop:

A={X=QRa-b+c,b—a+c,5a—4c—2b)|a,b,c € R}
B={X=(x,y,z)|z—-5y =3x}

a/ Ching minh ring 4 va B 1a khong gian vector con
cua R®.

b/ Hay tim tap sinh, co so, va s6 chiéucho 4 va B.
Céu 2. (3 diém)

Trén khong gian R’ cho céc vector:

a, =(-15,8,-9),a, =(12,-6,7),a; = (2,-1,1),¢, = (4,3,1),
a, =(0,2,-2),a, = (5,1,6)
vatap hop a={o,,a,,a,}, f={a,,a;,0.}
a/ Ching minh ring a va B lacosdcua R*.
P=P(f, - a)
Q=P(p, —>p)’
dé tirdo suyra S = P(a — fB),vo6i B, 1a co s chinh tic cia R’

( ﬂo = {81 = (17050)>82 = (07170)’ ‘93 = (05051)} )

b/ Hay tim cic ma tran chuyén co so: {

Cau 3. (3 diém)
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4 2 -1
Cho ma tran thyc: A=|-6 -4 3
-6 -6 5

Hay chéo héa ma tran 4, roi sau d6 tim A", voi n 1a sO nguyén,
n>0.

Céu 4. (2 diém)

Hay dua dang toan phuong sau vé dang chinh tic:

A2 2 2
SO, %,,x3) =2x7 = 2x,%, + 6x,X; + x5, —4x,X; — X3

Pé s6 2
Céu 1. (2 diém)

Trén khong gian R’ cho 2 tap hop:

A={X=(a-b+c3b-2a—-4c3a+2c—-5b)|a,b,ce R}
B={X=(x,y,2)|2y-3z=x}

a/ Ching minh ring 4 va B 1a khong gian vector con

cua R*.
b/ Hay tim tap sinh, co so, va s6 chiéucho 4 va B.
Céu 2. (3 diém)

Trén khong gian R’ cho cic vector:
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cxl = (17_272)9 az = (25051)9a3 = (29_373)9 a4 = (3,4,2),“5 = (25551)9 aé = (15294)
vatap hop a={a,,a,,a;}, B={a,,a;,a.}
a/ Chimg minh ring a va A lacosdcia R*.

P=P(p, > a)
O=P(B, > P
dé tir do suyra S = P(a — f), voi S, 1a co sd chinh tic cia R’
( B, =1{¢, =(1,0,0),&, =(0,1,0),&, =(0,0,1)}).

b/ Hay tim cac ma trdn chuyén co so: {

Cau 3. (3,5 diém)

7 -12 =2
Cho ma tran thuc: A=| 3 -4 0
-2 0 -2

Hay chéo héa ma tran A, r6i sau do tim A", voi n 1a s
nguyén, n=>0.

Cau 4. (1,5 diem)
Hay dua dang toan phuong sau vé dang chinh tic:

f(x,%,,%,) = X7 +5x2 —4x] +2x,x, —4x,x,
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